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1. Introduction

There has been tremendous interest in the investigation of ar-
ray signal processing during the last three decades due to its
importance in radar, sonar, seismology and communication sys-
tems [2-9]. One can classify source localization, in the context of
array processing, into the so-called far-field and near-field cases.
The context of far-field sources assumes planar wavefronts of the
propagating waves as they reach the array. Nevertheless, when
the sources are located in the so-called near-field region, this as-
sumption is no longer valid. More precisely, the source wavefronts
must be assumed spherical, which requires both the range and the
direction-of-arrival (DOA) parameter estimation to carry out the
localization procedure [10-12]. One can find several estimation al-
gorithms adapted for the near-field source localization [13-17] and
some related performance analysis in order to quantify the estima-
tor performance in terms of the mean square error (MSE) [18-22].
However, to fully characterize estimator performance, one has,
additionally, to perform the resolvability analysis of two closely
spaced sources. Recently, some works considered both far field and
near field scenario. In [23-25] the authors studied, respectively,
the asymptotic resolvability of far-field, deterministic, discrete and
stochastic source signals, whereas, in [26] the authors focused on
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polarized far-field sources and in [27], the authors studied the
angular resolution limit for far-field sources in the presence of
modeling errors. Moreover, in [28], the authors provide a novel
methodology to derive an approximation of the resolution limit.
Nevertheless, to the best of our knowledge, no works have been
done to quantify the resolvability of two closely spaced near-field
sources in the non-uniform linear array (NULA) context for the
general case! (general case, means that the time varying source
signals, the noise variance, the range and the bearing are all un-
known parameters). Consequently, the goal of this paper is to fill
this lack by addressing the following question: “What is, in a near-
field source scenario, the minimum source separation required,
under which two near-field sources can still be correctly resolved?”
To this end, one common tool is the distance resolution limit
(DRL) of two closely spaced sources, defined as the minimum dis-
tance with respect to the sources for which allows a correct re-
solvability. The DRL can be derived based on one of the following
three fundamental approaches: i) the analysis of the mean null
spectrum [30], ii) the detection theory [19,23] (using a binary hy-
pothesis test and a proper generalized likelihood ratio test [27]),
or iii) the estimation accuracy (namely, based on the Cramér-Rao

! In [29], the authors studied the resolvability in the near field context for the
special optimistic case in which the source signals and the noise variance are as-
sumed known, and the only unknown parameters are the range and the bearing.
Whereas, in [28], the authors derived the resolution limit with respect to the bear-
ing parameter only, without considering the range as a parameter of interest affect-
ing the resolution.
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bound (CRB) tool). More precisely, in [31], Smith proposed the fol-
lowing DRL criterion: “Two sources are resolvable if the separation
between them, denoted by dyr, is less than the standard deviation
of the separation estimation”. Since the standard deviation can be
approximated using the CRB by /CRB (dnr) [31], thus, Smith’s cri-
terion states that the DRL is given as the particular value of the
distance dyr between two sources which is equal to +/CRB (dyr).
This means that the DRL is the solution of the following equation
DRL = /CRB (DRL).

It is worth noting that this DRL, which is based on the CRB, is
widely and commonly used for the following reasons: i) it takes
the coupling between the parameters into account, ii) it avoids the
well-known drawback of the mean null spectrum approach which
is valid for a specific given high-resolution algorithm and hence
lacks generality [24], and finally, iii) it is related to the detection
theory based approach thanks to a translator factor which is given
in [11].

In order to derive the DRL, we first investigate and develop
explicit closed-form expressions of the deterministic CRB for two
closely spaced near-field spaced sources (which, to the best of
our knowledge, has not been derived?). Then, we resort Smith’s
criterion to derive the DRL. Thus, we deduce and analyze the
relationship between the minimum distance of resolvability and
the minimum signal-to-noise ratio (SNR) required to resolve two
closely spaced near-field sources. Finally, we propose a fast, nearly
optimal, array design procedure to enhance the capacity of resolv-
ability for a given constraint (number of sensors, array aperture,
etc.). Numerical simulations are given to assess the validity of the
proposed expressions (for both the deterministic CRB and the DRL)
and the enhancement due to the proposed array geometry design.

For the rest part of this paper, the following notation will be
used. A lowercase bold letter denotes a vector, and an uppercase
one a matrix. Vectors are by default in column orientation unless
specified. Upper scripts -7 and -F denote, respectively, the trans-
pose and the trans-conjugate of a matrix. The operators diag(-),
adiag (-), || - || and R{-} denote, respectively, the diagonal operator,
the anti-diagonal operator, the Euclidean norm and the real part.
tr{-} and det{-} denote the trace and the determinant of a matrix;
whereas, ©® and ® denote the Hadamard and the Kronecker prod-
ucts, respectively. I} denotes the identity matrix of size L x L. [-];
and [-]; ; represent, respectively, the i-th vector element and the
(i, j)-th matrix element. Finally, & denotes any asymptotically un-
biased estimator of &.

This paper is structured as follows. Section 2 introduces the
data model and the underlying assumptions. In Section 3, we de-
rive the CRB of a NULA for orthogonal and non-orthogonal sources.
We deduced the DRL in Section 4. Discussion of the results and
conclusion are presented in Sections 5 and 6, respectively.

2. System models

Assume a linear (possibly non-uniform) array composed of N
sensors with locations dg-d, d1-d, - --, dy—1-d that receives a signal
emitted by two near-field, narrow-band sources s1 (t) and s; (t), as
shown in Fig. 1. Let d,, - d denote the location of the (n + 1)-th sen-
sor, in which d is the unit and the reference sensor is the first one
(i.e., dgp = 0). Furthermore, for sake of simplicity, the sensor loca-
tions are expressed as multiplication of a common unit base-line d.
This means that dy, dq, ---, dy—1 are integers. The observed signal,
Xxn(t), at the t-th snapshot of the (n + 1)-th sensor is given by

Xn(t) = s1(D)eI™ + s3(t)ed™ + vy (1),
n=0,1,---, N—-1, t=1,2,---,T (1)

2 More precisely, in [18-22], only the one single source case was under consider-
ation.
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Fig. 1. Localization of two sources in the near-field region using a non-uniform lin-
ear array. Symbols e and o represent the position of a sensor and the position of a
missing sensor, respectively.

where v,(t) denotes a complex circular white Gaussian noise with
zero-mean and unknown variance o2, which is assumed to be
uncorrelated both temporally and spatially. The i-th source sig-
nal, with a carrier frequency equal to fp is given by s;(t) =
ai(t)ed@Tfot+¥i®) j =1 2 where «;(t) and ;(t) are the real am-
plitude and the shift phase of the i-th source, respectively, and T
is the number of snapshots. Moreover, the time delay t,; associ-
ated with the signal propagation time from the i-th source to the
(n 4 1)-th sensor is represented as [23]

27T 242 2 in@:
= J;rz (\/1+dnd B d”démel—1),n=0,1,~~,N—1

2
Tl- Tj

(2)

where A is the signal wavelength, r; and 6; € [0, r /2] are the range
and the bearing of the i-th source, respectively. It is well known
that if the range is inside the so-called Fresnel region [17], i.e., if

a3 a3\ 22 d?
062 N1 <rj< N7 (3)
A A

then, the time delay t,; can be approximated by

d2

Tni ~ widy + ¢idy + O <r_2> (4)
i

in which w; and ¢; are the so-called electric angles for the i-th

source which are connected to the physical parameters by the fol-

lowing relationships

d
Wi =—21 . sin (6)) (5)
and
d2
¢i =7 — cos® (6;) (6)
AT

Then, based on approximation of time delay in (4), the observation
at the t-th snapshot of the (n + 1)-th sensor becomes

xn(0) = 51 (D) 10+ 918) g, (el (2dntoads) 1y, (p) (7)
Consequently, the t-th observation vector can be expressed as

x(t) =[x0(t) -+ - xn—1(D]" = A(py, p2)s(®) + v(©) (8)
where s(t) = [s1(6), 52017, v(©) = [Vo(®), -, vn-1(OI", p; =

[wi,¢i]" for i =1,2 and A(pq, py) = [a(w1,$1), a(wy, $2)]. The
(n + 1)-th element of the steering vector a(wj, ¢;) is given by

(s 2
[a(wi, $i)lne1 = el(@idn+¢idy) 9)

We assume that the unknown parameter vector is

T
e:[p{,pg,ﬂ,w;a{,a;az] (10)



where ¥; = [i(D. -+ (DI, @i = [oi(1), -+, o(T)]". It is
worth noting that the unknown vector parameter & is assumed
to be deterministic and its size depends on the number of snap-
shots T.

Under the deterministic model, the joint probability distribution
function (pdf) of the full observations x =[x (1)---xT(T)]”, under
i.i.d. assumption, is written as follows
e~ X—m"R (x—m) (11)

1
P(X|€)=m

in which R = o2In and
w=1[s" (AT (py.py). - .sT (DA (py. p)]". (12)
3. Cramér-Rao bound definition and derivation

Let E {(é —&)(é — &)T} be the covariance matrix of an estimate
of €. Let us assume that & is an asymptotically unbiased estimate
of the true parameter vector &, and let us, in the following, define
the CRB for the considered model [32]. The covariance inequality
principle states that under asymptotic conditions [33], we have

MSE (181)) = E { (181 — [€1:)’} = [CRB (&)1 (13)

where the CRB is given as the inverse of the so-called Fisher infor-
mation matrix (FIM) as follows
CRB () =FIM~! (¢) (14)

Since we are working with a complex circular Gaussian obser-
vation model, the i-th row, k-th column element of the FIM for
the unknown real parameter vector, given in (10), can be written
as [34]:

[CRB™" ()]
= [FIM (&)]; k
IR IR apH d
= rr{R—l R! } + 29 {Lk—l—”}
alel; alelk aleli alelk
_NT do? 002 2 autl o
~otdlelidlel o2 | dleli dlelk

(15)

3.1. FIM derivation

From (15) we can easily see that the noise variance o2 is de-
coupled from the others parameters. Thus, for simplicity and with-
out loss of generality, we compute the FIM without taking into
account the noise variance. Consequently, the variance parameter
is omitted from the vector parameter €. So that the structure of
the FIM is as follows (for proof, please refer to Appendix A):

Fpipi Fpino| Fpiwi Fpiy, 0 Fpa,
Foooi Fpopy | Foowy Fpyu, Fpay 0
FIM(¢) = i Fy.pi Fyip,
o? Fyop, Fyop, Fi
0 FOllllz
F“2P1 0
(16)

where®* L=[y],¢¥7, al all’.

3 For sake of simplicity and to avoid any misunderstanding, we used the following
notation, F,,, where the lower script uv denotes the considered part of the FIM
which corresponds to the derivation according to the vector parameters u and v as
shown in (7), respectively.

3.2. Analytical inversion

First, we note that the 4T x 4T matrix Fyy in (16) can be par-
titioned into diagonal sub-blocks as

?/,ﬂh lF:'l’l'ﬁz F 0 F'/féaz

¥a¥, ¥o¥o Yooy

Fr = . 17

t 0 Foyy,| Fajo Fore, (a7
Fa,y, 0 Foya1 Fara,

in which, the expression of each sub-block is given in Appendix A.
Second, the Fyy matrix is fully inverted by applying the Schur
complement [35] formula twice as follows:

1) Using the Schur complement with respect to the lower right
block matrix in (17) represented by the dotted line partition,
one obtains

-1
F“l‘h F“laz —
F“zdl F“zdz
[ 1 51 ] _51711:,,”‘,[21=,,7}‘,,1 ] ]
_Fo_c]ochazoz1571 Fo_zlocl +F;1d1Fd2a1sile1a2F(;]d1
(18)
in which
S=Fq,a, _Fdwleo_cllmFﬂlzdr (19)

2) Now, we use the Schur complement with respect to the lower
right block matrix in (17) represented by the solid line parti-
tion and we obtain

Fyyi Fyy, 0 Fyiap |7
Fl= Fyvi Fyywy Fyp 0
L a1y, Fojo ara;
Fa,y, 0 Fa,a, [31.3}
[ a-Bpg" —(A—BD"'c) 'BD!
“|-p'c(A-BD"'¢)"" D'4D'c(A-BD"'C) 'BD!
(20)
where
A= |:F'P1'//1 F'/’1'ﬁ2i|! B= |: 0 F%Olz]’
Fyovr Fyow, Fypar 0
C= 0 Fa,y, and D= Fojo1  Faya, )
F"‘Z'l’l 0 o0 000
3) Finally, having the inverse of F;; matrix one can apply again

this method to compute analytically the Schur complement of
the lower right block of the matrix FIM(¢) in (16).

After tedious calculation, we are able to express in closed form
the Schur complement of the matrix F;;, which corresponds to
CRBp b

A(1,1,2) ING)) (1) &

2] ra) Ad.2.4 = 0Q2)
RBpp =5 | 001) o AR.1,2)  TQ)
o 0(2) r@ A@.24)

(21)

in which P =[p], pI1™ and functions A,T, ® and E are given in
Appendix B.

Consequently, instead of inverting a (4T + 4) x (4T + 4) matrix
to obtain CRBy,p,, we can invert just a 2 x 2 matrix as follows



02 Aap—1 1 . .
- = V =
CRB, p, = z"zf (:) for 1 k, 1 1,2 22)
—SYI(HWNER) for i#k,Vik=1,2
where
) — 1 AG,2,4)  —T(@)
TOAG,1,2)AG,2,4) —-T20) | TGO  AG1,2) [
e &
\II_[ Z @(2)] and
. [AdG,1,2) TG .
Yo = [ I'(i) A(i,2,4)] —YRG DY,
which, finally, leads to the following result
o? 1 h(i,2) -m(1)
CRB,., = — ’ . ,
PiPi ™ 5 h(i, D, 2) — m(i)2 [—m(l) h(z,l)]
Vi=1,2 (23)
where

h(, j) = AG, j,2])
O)AGB-i,3-j,23-))0()-TGE-1)E)
r2G—i)— AG—i,1,2)A3 —1,2,4)
E(AB—1,j,2))E-TE-1)06())

. : - , (24)
MG —-AG-1L1.2AG—1.2.4)
and
L eM(AG—1,2,4)E-T(3—)O(2)
m) =T+ B T AG 1 1.DAG 1.2.4)
E(AG—1i,1,2)02) — T3 —)&) 05)

M@ —i)—AGB—i,1,2)AG—1i,2,4)°
3.3. CRB for the physical parameter vector k

Even if the model (7) is usually used in array signal processing,
its CRB related to € does not bring us physical information. Then,
it is interesting to analyze this CRB regarding the bearing 6 and
range r.

That is, the new unknown physical parameter vector becomes

T
’C=g(€)=[91,T1,92,f2,1/f1T,'ﬁ£,Ot1T,Ol§] (26)

From CRB(¢&), we deduce CRB(k ) by using the following formula
(see [36, p. 45])

ag(e age) ]’
CRB(k) = & )CRB(e) ge) (27)
o€ e
where the Jacobian matrix is given by
_ 1 _
—2cos(6r) 02 0 0 0
r1 sin(61) -
ag(e) A cos2(61) dcos2(67) (]) 0 0
o = ﬁ 0 0 ) c-os;(;z)) (32 0
T2 SIn —
0 0 3052(922) dcoszz(ez) 0
o 0 0 0 oy |
(28)
Using (27) and the Jacobian matrix above, we obtain
o? A2h(i, 2)
CRB(6)) = — , . — (29)
2 472d? cos?(6)) (h(i, Dh(i, 2) — m(i)?)
and
CRB(ry) — @2 F M (n(i, 20 sin? @) + 2k(i)rid sin(@) + h, Dr?)
2 m2d* cos*(6;) (h(i, Dh(, 2) — m(i)?)

(30)

3.4. The special case of two orthogonal sources

In this subsection, we consider the particular case of two near-
field orthogonal sources. This kind of signal is commonly used in
radar and radio communication to facilitate the task of separating
signals [37]. From the above results, we deduce the CRB for two
near-field orthogonal sources. The assumption of two orthogonal
sources means that [38]

T
> sttsat) =0 31)
t=1
Substituting (31) in (18), we obtain
¥ =054 (32)

Consequently, the CRBp,,, for near-field orthogonal sources is
given by

02 et . .
_ ) & 8G) fori=k,Vi=1,2
CRB,., =1 2 33
PiPx { 0 fori#k,Vik=1,2 (33)
which leads to the following results
o? AG,2,4)
CRB(wj) = — — . o~ (34)
2 A, 1,2)A1,2,4) —T2(0)
o? A(i,1,2)
CRB(¢i) = — — . 5o (35)
2 AG,1,2)AG,2,4) — T2()
o? A3, 2,4)
CRB(#;) = — . , —, (36)
2 4m2d? cos?(6;) [AG, 1,2)A(1,2,4) — T2(i)]
and
CRB(r) — ©° 22r2 [A(i, 2, 4)d? sin® (@) + 2T ()rid sin(@) + AG, 1, 2)r,.2]
2 m2d4 cos*(0) [A (i, 1,2)A(,2,4) — T2(i)]

(37)

4. The minimum SNR required to resolve two closely spaced
near-field sources

The aim of this section is to derive a closed-form expression
of the minimum SNR, denoted by SNR;i,, required to resolve two
closely spaced near-field sources. By using Smith’s criterion [39],
the DRL is the particular value of the distance dyr between two
sources for which +/CRB(dynr) is equal to dyg, where the distance
between two near field sources is defined as

dNFz\/r% +12 = 2r1ry cos(6 — 61). (38)

Consequently, the new unknown physical parameter vector is

T
Jj) = [\/r% +712 — 2115 €08(6, — 01), 11,02, 72, V1, Wg,d{,dﬂ

(39)
As in (27), we obtain CRB(dyr) from the following formula
91 97 T
CRB(dyp) = | I crB i) | 1% (40)
oK oK i

From (21), (22) and using the relation (27), one notices that
CRB(k) = % does not depend on o2. Denoting CRB(dnr) =

%‘;NF) equation (40) can be written as
o

. . T
CRB(dnF) = |:82(K)CRB(K) [alaif)] } (41)
1,1

K



0.14 : . : ; : : :

0.12

0.1

DRL(m)

0.08

0.06

55 : i i : l
SNR1/SNR2

Fig. 2. DRL vs. the ratio of SNRs in the case of a ULA of 6 sensors, 100 snapshots
and SNR; + SNR, =30 dB.

Consequently, one obtains

L[] 2w
G- |90] |5 @b, @)
= oK ;L ok |y
i,j=1 > 2]
where
[0jG)]  _ _[2it)] _ _rirasin(d, —0) (43)
oK J11 L oK 11,3 dNF
and
C 90007 e - _ _
Joo) | _ [t r—racos® —61) (44)
G P L 0k 144 dnr
Let us define the SNR as
2 2
SNR — lloea [ + [letz]] . (45)

o2

Furthermore, from (40) and (42), one has CT(TB(de) = %ﬁl’m.

Since, CT(TS(de) is 02 independent and the SNRy;, is given by the
SNR for which the following equation holds

02CRB(DRL) =12 + 12 — 2r15 cos(6; — 61) (46)
Consequently, from (45) and (46), one obtains

(lloeq 1% + llee2/1%) CRB(DRL)

SNRpin =
min T% + T% — 2rirp cos(62 — 61)

(47)

Remark. We should precise that using the definition of the total
SNR in the deterministic case (i.e., SNR = SNRy + SNRy, in which

2 2
SNR; = ”%” and SNR; = ”‘%”) to characterize the SNR;, we
lose the information related to the ratio of SNRs, i.e., gﬁ—g;. Con-

sequently, one has to take a precaution using the SNR,, since,

for a given DRL one may require a higher SNRy,;, if the ratio gggz

is far from 1 as represented in Fig. 2. Indeed, Fig. 2 shows the

variation of the DRL w.r.t. gzg; subject to a fixed total SNR (i.e.,

SNR; 4 SNR; = constant). Furthermore, we can notice, by simula-
tion, that the smallest SNRy;i, possible for a given DRL is obtained

: SNR; __
in the case of SNR, = 1.

Numerical CRB(®)

“| ==~ Numerical CRB(¢)
Analytical CRB(»)

5 10 15 20 25 30
SNR(dB)

Fig. 3. Comparison between numerical and analytical CRB(w;) and CRB(¢7) with
(61,r1) = (30°,101) and (6,,12) = (60°,202). Lines and markers represent the nu-
merical and analytical CRBs, respectively.

5. Numerical investigation: CRB, DRL and geometry design

Numerical results are presented in this section for a NULA with
six sensors (with the following locations: 0, 3-d, 4-d, 5-d, 6-d,
9. d) that receives a signal emitted by two sources in the Fresnel
region in which their amplitudes and phases are generated from
a realization of an i.i.d. Gaussian distribution with zero mean and
unit variance unless specified. The number of snapshots is given
by T =100.

5.1. Numerical analysis of the CRB

In this section, we analyze the proposed closed-form expres-
sions given in Section 3 by comparing the analytical results with
the numerical results to illustrate the validity of our derived CRB
closed form expressions. More precisely,

e In Fig. 3, we compare the analytical CRBs given in (23) with
the numerical exact CRBs given in (6). This figure shows that
the proposed closed-form expressions are in a good agreement
with the true numerical CRBs, which validates our derived ex-
pressions. Furthermore, we have the same results for CRB(9)
and CRB(r) with respect to (29) and (30).

o From (24), we notice that Vi = 1,2, h(i, 1) is 0(N3), however
h(i,?2) is 0(N®), which means that the estimation of the so-
called second electrical angle ¢; is more accurate than estimat-
ing the so-called first electrical angle w;. This is corroborated
by Fig. 3.

e From (22) and using the inversion lemma matrix, we can
quantify the effect of the estimation accuracy of one source
on the other one by the following relationship

2

o
o ax2, 2
= 5 BOAT + — WCRBp, p, ¥N(1)) (48)

and in the same way we obtain

o? 2
CRB,,p, = 7}«}(2)(1“2 + —5 WCRB, p, ¥N(2)) (49)

Thus, in the general case, the estimation error of the electrical
angles of one source affects the electrical angles estimation of
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Fig. 4. Variation of the CRB w.r.t. r; with fixed r; =2 m and for equal source power.

the other source. Whereas, from (48) and (49), we note that
this is not the case if the sources are orthogonal, meaning that
the estimation accuracy of one source neither depends on nor
affects the estimation accuracy of the other source. However,
it is obvious that CRBy,p, is affected by the position of both
sources, more precisely, by the distance between the electric
angles of both sources (because A(i, k, p) depends on Aw and
Ag even in the orthogonal case, and thus CRBy,,, depends on
the distance between the electrical angles).

e Unlike the case of one source, the CRB for two sources are not
phase-invariant. However, we notice that for two orthogonal
sources the CRB becomes phase-invariant. Numerical simula-
tion shows the improvement due to orthogonality.

e For a sufficient number of sensors, CRBg,9, and CRB;,;, are
0(1/N3).

o CRB,;,;; is bearing-invariant and range-invariant.

e For A, rj ocd, the dependence on the range is O(riz), meaning
that nearer the source is, the better the estimation (keeping
in mind the Fresnel constraints). This is corroborated by Fig. 4.
The dependence of the range on the bearing is 0 (1/cos*(6))).
For 6; close to 7 /2, we observe that CRBy,r, goes to infinity
but faster than CRBy,q, (cf. Fig. 5 for CRB(61)).

e Fig. 6 shows that, for a different value of bearing and for a
fixed SNR, the higher the frequency is, the lower the CRB;,.

5.2. Correlation factor

In the following, we investigate the effect of the correlation fac-
tor on the DRL. We define the correlation factor & between the two
sources as [40]

sils;
Is1llls2|]

£ = (50)

in which s; = [s;(1), ..., s;(T)]" denotes the i-th signal vector. We
use the same simulation parameters as in Fig. 3, expect the fact
the signal sources satisfy (50) for a given &. From (34) to (37), we
know that the orthogonality between two sources implies the un-
coupling property. Then, since the sources are decoupled, & =0,
the estimation will be improved (at least for any efficient algo-
rithm). In Fig. 7, we compare the correlation effect of the real
amplitude of & on the DRL. Note that, for a given SNR, DRL be-
comes greater as the value of the real amplitude of & increases. In
other words, the smaller the correlation between both sources, the

SNR(dB)

Fig. 5. CRB(671) vs. SNR for r1 =104, (62, 12) = (60°,20A) and values of 6; as shown
in the legend. Lines and markers represent the analytical and numerical CRBs, re-
spectively.

—=— f0=600MHz

f,=900MHz

——
— f0=1 800MHz H
——

f,=3000MHz |

SNR(dB)

Fig. 6. CRB(r1) vs. SNR for (01,r1) = (30°,10A), (62,12) = (60°,201) and values of
fo as shown in the legend. Lines and markers represent the analytical and numeri-
cal CRBs, respectively.

better the resolution limit performance. Meanwhile, DRL achieves
its lowest value when & = 0, which means that two signals enjoy
a minimum (best) resolution limit between them if they have the
orthogonal relationship.

5.3. SNRyin behavior w.r.t. central angle

Let us define the central angle as

6. = 01+ 62 (51)
2
In Fig. 8, we have plotted the SNRy;;; required to resolves two
closely spaced sources for different values of 6. It should be noted
that for a given resolution limit, as the central angle 6. increases,
the minimum signal to noise ratio required increases also.

5.4. Minimum resolution limit boundary

In practical applications, one may need the knowledge of the
physical boundary, which delimits the resolvability region (mean-
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ing the region for which two near field sources are resolvable).
Although this question is worth consideration, to the best of our
knowledge, no work has been done on it in the literature. In
this subsection, the minimum resolution limit boundary for two
sources is investigated and discussed for different SNRs.

Following similar steps as those employed in Section 4, we ob-
tain the minimum resolution limit boundary of two sources for dif-
ferent SNR value. Such boundary is represented in Fig. 9, in which
the star symbol represents the coordinates of the first source w.r.t.
the reference sensor (x,, ¥o) = (0, 0), in which (61,7r1) = (45°, 61),
ller]|2 =1 and |leez||2 = 1. For different SNR, the second source
must be outside this boundary to ensure a correct resolvability
given by Smith’s criterion. As expected, one notices that for higher
SNR, one obtains a small boundary. Furthermore, we can notice
that this boundary is more bearing sensitive than range sensitive.
As said before, this boundary is a physical limitation. Nevertheless,
this latter can be compensated by a proper array geometry design
which is the aim of the next section.

5.5. Effect of sensors’ position

The remaining part of this section is devoted to the numerical
analysis of the effect of sensor array geometry on the DRL. Assume
(61,11) = (30°,62), (f2,12) = (60°,102) and |lat1[|* = [l |* = 1.

0.79
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SNR=50dB
SNR=60dB
+ SNR=70dB
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+

0.7 0.72 0.74

Fig. 9. DRL boundary for 6-sensors.

Table 1
Different array geometric configurations.

Array type Geometric configuration
Type 1 . .
Type 2
Type 3
Type 4
Type 5

e o o
e O O O
e O O o o
e @ O O
e ¢ O o o
e @ @ O O
e o o o O
e O e O O
e O e @ O
e o o o o

Keep the array aperture A =9 (in unit of d = A/2) fixed and N =6,
there are 10 positions available for six sensors.

In Fig. 10, we plot the DRL which compares the impact of the
different sensor array geometry w.r.t. SNRyi,. Five types of array
configurations are considered, as shown in Table 1. Type 1 to type
4 are listed in Table 1 with N =6 sensors, Type 5 is an ULA con-
figuration with N = 10 sensors.

From comparison of simulation results, one can further notice
that

e For the same array aperture, same SNR and same number of
sensors, the DRL is greatly affected by the array geometric con-
figuration.

o By comparing the results given from Type 1 to Type 4, the
configuration that puts two sensors at the extremity and the
rest in the middle seems to be the best geometry configuration
(at least, it is the case for A=9 and N = 6 sensors).
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Fig. 11. The required SNRp;, to resolve two unknown closely sources for the best &
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Table 2

The best and worst array geometric configurations for different number of sensors.
Array type  Geometric configuration SNRpin
Type 6 . o o o o . o o o e lowest SNRyin
Type 7 . o o o . 0 o o o 0 lowest SNRpin
Type 8 e e o o o o o o e e highest SNRpyi,
Type 9 . o o o . . . o o o  lowest SNRpin
Type 10 . . . o ) o ) o . . highest SNRyin
Type 11 . o o . . . . o o o  lowest SNRyin
Type 12 . . . o o o . highest SNRyin
Type 13 . . . . o o o . . . highest SNRpin

e Type 4, with six sensors, is slightly worse than the ULA con-
figuration with 10 sensors.

Furthermore, to better comprehend the resolvability perfor-
mance as a function of array geometric configuration, consider
Fig. 11, where we compare the minimum signal to noise ratio with
respect to the best and worst performance of different number of
sensors. The considered type of sensor geometry configuration is
list in Table 2.

From this figure, we can see that the Type 11 represents the
best achievable performance, and Type 8 has the worst perfor-
mance. Furthermore, on one hand, we can notice that with the
same array aperture, Type 6 (with 3 sensors) and Type 13 (with
7 sensors) have, approximately, the same performance (Type 6 is
only 0.2 dB worse than the Type 13); and, on the other hand,
one can notice that Type 6 (with 3 sensors) has a better perfor-
mance in regard to Type 12 (which has 6 sensors) by 1.5 dB. This
means that depending on the array geometry, one can have better
performance using a less number of sensors. The relatively poor
performance of the type 8, 10, 12 and 13 is due to the sensor ge-
ometry configuration. Consequently, with the same aperture, one
can optimally design the array using the proposed method below,
in order to obtain better performance even with less sensors.

5.6. Sensors array geometry design

As discussed above, the resolvability is not only constrained by
the number of sensors, but also by the array geometry, which af-
fects the optimal resolution capability.

In the following, we give a solution to design an optimal ar-
ray in order to enhance the resolvability and/or to compensate the
performance loss due to the reduction or failure of certain sensors.

The optimal method is given by minimizing SNR,;; over sen-
sors’ position among all possibilities using the derived expression
(47). However, this scheme is not feasible for a model with large
aperture and small number of sensors. More precisely, for aperture
of size A and N sensors, one has C”XH possibilities. To overcome
this drawback we propose a sub-optimal fast procedure as follows.

Step 1: We place two sensors at each extremity to obtain the
largest aperture that leads to the best resolution.

Step 2: We place only one sensor by minimizing SNRy;; with
respect to the A — 2 remaining positions.

Step 3: We iterate the second step by placing the (n + 1)-th
sensor at once by minimizing sequentially the SNRy,;; with respect
to the A —n+ 1 remaining positions.

In the following part, we show that the proposed sub-optimal
method produces a nearly optimal result with low complexity.
More precisely, the complexity cost ratio of the optimal method
over the proposed sub-optimal method is given by

FON.A) = 2
prop
_ 2(A+1)!
T NNA—N+DI{AA-—1)—(A—N+1D(A-N+2)

(52)

where Nope means the number of required iterations by using the
optimal method and Np;p means that by using the proposed sub-
optimal method.

In the examples studied in this section, we consider several
cases: Case 1) N=4, A=7; Case 2) N=5, A =28, so that we
may compare the results of the two methods, as shown in Fig. 12.
One notes that our proposed method is nearly identical to the
optimal method. In addition, from (52), we have f(4,7) =6 and
f(5,8) =7, which means that the proposed method is six to seven
times faster than the optimal one. If we consider a more impor-
tant aperture, e.g., for N =6, A =25, we notice that the proposed
method decreases significantly the complexity cost by f(6,25) =
2558 times compared with the optimal one with the same per-
formance. Consequently, we notice that the proposed method is of
low complexity, especially for the design of sparse arrays.

One should note that for the above discussion, we assume that
derived closed form expression of SNRy;, is given. If no expres-
sion of the SNR;;, is given, one has, first, to numerically inverse
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Fig. 12. Comparison between two methods of searching the optimal array geometry
configuration.

the FIM (of size 4(T + 1) x 4(T + 1)) which is costly and which in-
creases dramatically with the number of snapshots and then apply
the Smith’s criterion.

6. Conclusion

In this paper, we derived an explicit closed-form expression of
the deterministic Cramér-Rao bound for two closely spaced near-
field sources for non-uniform linear array. Taking advantage of
these expressions, we deduced the theoretical statistical resolution
limit and the minimum signal to noise ratio required to resolve
two closely spaced near-field sources. These expressions present
two advantages. i) First, they avoid computationally costly numer-
ical inversion of the Fisher information matrix, which increases
dramatically with the number of snapshots. ii) Second, we pro-
vide a detailed discussion on several enlightening properties of
the statistical resolution limit revealed by our expressions, with
an emphasis on the effect of the given scenario (e.g., the num-
ber of sensors, the correlation factor, the minimum resolution limit
boundary, the array geometry, etc.) on the resolvability. Further-
more, we present numerical analysis to corroborate the proposed
theoretical expressions. Finally, based on the statistical resolution
limit, we proposed a novel, fast method, which is nearly optimal,
to find the best sensor arrangement leading to the best achievable
resolution.
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Appendix A

In this appendix, we present the main steps leading to (16).
Consider the (i, k)-th element of the FIM for the unknown real
parameter vector (10). We first obtain the following derivatives (for
i=1,2)

omw
a_“ =jsi®d O a(w;, ¢;) (53)
Wi
om
5 = Jsi©dodoaw.¢) (54)
1

op

e = jsi ® a(wi, ¢i) (55)

9

aM’ =S @ a(wi, $i) (56)
l

in which p = [sT(AT (@, ), . sT(MAT (@, P17, [si]e = si(t)

and [§i]; = e/ @ fot+¥i®) for t =1,...,T.
Let us denote
N—1
fm, Ao, £g) =Y ditelBohtasdy
n=0
in which for sake of simplicity f(i) will be used instead of
f(@i,0,0), Aw = w1 —wy and A¢ = ¢1 — ¢2. Thus, replacing the
above expressions one has

2y @) =« 2 57
awlawl ZO ;1() lealI? £ (2), (57)
SILH 3[L N-1 .
— dp ) ) = lleal*f(4), (58)
a1 9 ZO ; ' '
ot op  opH ap 2 4, 2
_— = d a; (t) = |le 3 ) 59
Yo 991 = 96 o go ; O =llerl*f3).  (59)
and
2 3
Foup =||on||®[§§3§ %} (60)
Hence, one obtains
ot op _opt op
dw1 dwy  dwy dwq
N—1 ] 5 T
=N { > die Bt addy) Zsf(t)sz(t)}
n=0 t=1
=%N{(s2,81)f (2, Aw, Ap)} (61)
au" n Em" o
3&)1 3¢2 3¢71 3602
N-1 ) 5 T
=% { > die Bt asdy N " gH (t)Sz(t)}
n=0 t=1
=N{(s2,51) f 3, Aw, Ag)} (62)
ot op _ amt op
dwy 31 Oy dwn
N-1 )
— % [ Z d3e](Awdn+A¢d ) Zsz (t)s1 (t)]
n=0 t=1
=N {(s2,51)f 3, Aw, Ag)} (63)
au" n Em" p
Bp1 0y O¢p 01
N-1
- {Z‘d“ —1<Awdn+A¢’d2>Zs (t)sz(t)}
n=0 t=1
=N{(s2,51)f (4, Aw, Ag)} (64)

After some rearrangement and calculation, one obtains the fol-
lowing 2 x 2 matrices

Fp,p,=Fpyp,

=9 {(51 osih® [f(z’Aw’M’) f(3’A‘”’A¢)]} (65)

G, Aw, Ap) f(4, Aw, Ap)
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= T N @Y e, 66
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N-1 T

ot ap AN 2

———— =Y dy ) ai(), (67)
e e

opf o opf op S S,

_—— = = d oy (b)), 68
dwy Ay ¢ o ZO ; 1o (68)

and

Fpup, = 2] ® [ A } , (69)

and the 2 x T matrices are given by (for i =1, 2)

T
Fpi'/’i = Flﬁ,‘pi

i AT f@
= (o O o) ®[f(2)]
T2y - a2 f

- [a?(l)f(Z) a,-z(T)f(Z)}
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:m{(sl oshHe [ﬁé v 23“
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(70)

(71)
Fpa;=Fa;p, = Fya; = Fayy; =0,i=1,2 (72)
T
Fpia; = Fo,p,
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_ T
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and the T x T diagonal matrices (for i =1, 2)
Foo; = f(O)IT (75)
Foya; = Faya,

=% Idiag(81 osi 0w 0@, Aw, A(jb)} (76)
Fyy, =diag(o; O atz) f(0),i=1,2 (77)
Fy, = Fy,p, =0t |diag(s1 0 s§) 1 (0, 200, 29) | (78)

Fya, =Fayy, =N {jdiag(s1 osi oay) f(0, Aw, Aqb)} (79)

Fyu, = Fayy, =0 {— jdiag(s; © st 0 &) £ (0, Aw, Aqb)]
(80)

Appendix B

In this appendix we give the expression of functions A, T, ®
and E:

Ak, p) = lleill*f(p)

T
B Z a2 (FO) f2(k) — 2f (1, k+1,8) + FOI f (k. Aw, A)|?)
v

t=1 ’
(81)
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T
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t=1
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where f(m, Aw, Ag) = YN dmei(dwditAdd) (for sake of clarity
f (@) was used instead of f(i,0,0)) in which

B@.k.1.t) =% {jqej"A‘/’(t)f(l, Aw, A¢)}, (85)

t(iy, iz, ) =B(1,1,i1,0)B(0, 1,iz,t) — (1, 1,i2,)B(0, 1, i1, 1),
(86)

U(i1, i, t) = B0, 1,i1,)B(0, 1,02, t) + B(1, 1,i1, ) B(1, 1,2, 1),
(87)

and

Y = f20) — I (0, Aw, Ag)|. (88)
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