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a b s t r a c t

Titanium alloy TC4 is widely used in aeronautics applications where it is subjected to high frequency
fatigue loads. Tests are performed to investigate the alloy fatigue behavior sustaining ultrasonic fatigue
load in Very High Cycle Fatigue (VHCF) regime. Thermal dissipation for the alloy in 20 kHz frequency is
studied and a model is proposed to describe the temperature increment in the framework of
thermodynamics by estimation of the anelastic and inelastic thermal dissipation at microscopic active
sites in the reference element volume. The failure probability prediction method is used to evaluate the
VHCF dispersion based on the two scale model and fatigue thermal dissipation analysis.

1. Introduction

With fatigue test method development, especially the applica-
tion of piezoelectric fatigue test system, Very High Cycle Fatigue
(VHCF) life can be obtained in a reasonable time. In High Cycle
Fatigue (HCF) or VHCF, the specimen is normally loaded in the
macroscopic elastic domain. Fatigue strength below the conven-
tional fatigue limit was found and the fatigue failure still happened
when the fatigue life was beyond 107 cycles in terms of the report
[1]. The crack initiation often lies in the subsurface of the specimen
(“fish eye”) in the VHCF regime. Through the thermal dissipation
investigations [2,3], it is confirmed that the temperature rising
under the load of ultrasonic frequency is induced by the anelastic
and inelastic deformation at some local sites in microscopic scale.

Some authors [4] have worked on the mean fatigue limit
estimation based on the temperature measurements for high cycle
fatigue which consists of applying a series of stress amplitudes to
obtain the average temperature increments. After a certain num-
ber of cycles loading, the evolution of temperature increase tends
to be relatively stable. It is also observed that the temperature
starts to increase more rapidly when the load exceeds a certain
stress level. In the HCF self-heating test, the mean fatigue limit can
be rapidly determined by the curve [5].

Calloch [6] has proposed a two-scale probabilistic approach to
predict the fatigue life scatter in HCF based on the estimation of
fatigue thermal dissipation caused by local plastic deformation.

The sites like inclusions, pores, grains, grain boundaries [6,7] can
be excited and have inelastic deformation under low cyclic load.
With the increasing of the load and number of cycles, the quantity
and volume of the sites are growing. Owing to the material
heterogeneity, the local anelastic and inelastic deformation around
the defects or the grains of the material are the thermal dissipa-
tion sources in the VHCF test [8].

Titanium alloy is an important metallic material with excellent
mechanical response and has been widely used in aeronautical
applications. Some aero-engine components like compressor
blades and disks fabricated in this alloy would reduce the weight
by up to 30% when compared to other alloys that have been
employed for such applications. Titanium alloy is also widely used
in aircraft components such as beams, joints and bulkheads, in
order to undertake the loads. The high frequency of the load could
lead to fatigue failure in their service period with very high cycles.

In the article, the fatigue thermal dissipation of the titanium
alloy (TC4) in 20 kHz frequency for VHCF is investigated by
considering the local anelastic and inelastic deformation to esti-
mate the temperature increment with load amplitude. Based on
the investigation, the fatigue life dispersion approach is extended
to VHCF regime to predict the scatter of VHCF with the help of the
VHCF thermographic observation and failure probability analysis.

2. Material

The investigated material is a titanium alloy, TC4 (Chinese
standard). The chemical composition and mechanical properties
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are shown in Tables 1 and 2, respectively. It contains 6% Al and 4%
V for α phase and β phase stabilization, respectively. The bar with
12 mm diameter was annealed at 700–800 1C and cooled in air for
1–2 h; followed by solution in 910–940 1C and aging treatment in
520 1C–550 1C. From the observation of the polished section in the
optical microscope, two kinds of phases α, β (Fig. 1) are displayed
clearly.

The ultrasonic fatigue test machine is chosen to perform the
VHCF test which requires the specimen working at the resonance
vibration state in 20 kHz. Hourglass shape is chosen for the
specimen as shown in Fig. 2. The analytical solution for the
vibration equations [1] gives out the dimensions of the specimen.
The fatigue tests are performed in the machine in VHCF regime
and the results are plotted in Fig. 3. It is easy to find that the
fatigue strength keeps reducing with the number of cycles
increasing and the fatigue life scatter is important for the titanium
alloy in VHCF.

In order to obtain the temperature evolution on the specimen
surface, an infrared camera is employed, whose spectral range is
near the infrared domain (the wavelength is between 3.7 mm and
4.8 mm). The camera is calibrated by a black body in the tempera-
ture range of 20–400 1C. Same kind of specimen for the VHCF test
is used to carry out the thermal dissipation experiments. They
have been coated with a strongly emissive black and high-
temperature resistance painting layer for limiting the errors (in
this case, the emissivity coefficient is regarded as 1).

In the same test condition, the temperature increment depends
on the load level. The temperature reaches a relative stabilization
corresponding to the heat balance between the mechanical
deformation dissipated energy and the thermo energy lost by
the convection and radiation at the specimen surface and

conduction through the connection parts. The average tempera-
ture increment values (Fig. 4) recorded by the infrared camera for
different stress amplitudes are plotted in Fig. 5. It comprises two
relative linear curves with an “intersection point”: the first one is
below 450 MPa with a slow temperature increasing slope; the
second curve has a higher one. In the article, the 2 stages seem to
be contributed by 2 kinds of deformation dissipations: anelastic
and inelastic in VHCF which will be discussed in the next part of
the article.

Fig. 6 shows the SEM observation of the broken surface of the
specimen (tested with stress amplitude of 520 MPa and failed at
9�108 cycles). The crack initiates from one of the active sites in
the subsurface and forms a “fish eye” crack as shown in Fig. 6(a). In
the center of the crack, a white zone (Fig. 6(b)) is observed which
looks rougher than the rest of the parts where Sakai called it Fine
Granular Area (FGA) [9] and it is considered as the VHCF initiation

Table 1
TC4 chemical composition.

Al V Fe C N H O

wt% 6 4 0.3 0.1 0.05 0.015 0.2

Table 2
Mechanical properties of TC4.

sb (MPa) sp0:2 (MPa) E (GPa) ν Cp (J/(kg 1C)) ρ (kg/m3)

Z900 Z830 110 0.34 0.52 4420

20μm

Fig. 1. TC4 microstructure.

Fig. 2. VHCF specimen.
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Fig. 3. VHCF test results (TC4, room temperature, R¼�1).
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Fig. 4. Temperature evolutions at different load levels in VHCF tests.



zone. The grain with certain orientation or grain boundary could
be the crack initiation because the inclusions have not been found
in the material. The local deformation around the crack initiation
site activated by the load is irreversible and could become the
thermal dissipation source in the VHCF test.

3. Very high cycle fatigue thermal dissipation approach

The mechanism responsible for the “self-heating” in VHCF has
been studied in Reference [8], which makes a consistent model to
take into account the deformation in microscope. When the
specimen is subjected to a cyclic load, the stress and deformation
are not distributed uniformly within the specimen [10]. The
heterogeneities at the microscopic scale should be considered in
order to estimate the VHCF deformation and the thermal dissipa-
tion. The state of stress and deformation in the microstructure is
not uniform. Thus, the polycrystalline inhomogenity is needed to
be investigated and the deformation in the active sites excited by
the load is considered as the source of fatigue dissipation. It is
determined through the homogenization techniques based on the
solution of Eshelby [11].

The average strain of a grain can be divided into three parts:
elastic, anelastic and inelastic deformation and it can be expressed
as follows:

ε ¼ ε eþε anþε in ð1Þ

3.1. Thermodynamic frame for VHCF

The metallic material sustaining the cyclic load, the intrinsic
dissipation, is the consequence of 2 kinds of deformation: anelastic
and inelastic induced by the dislocation movements. The concepts
of continuum thermodynamics are used to analyze the tempera-
ture measurements. At each instant t, the thermodynamic state of
each site is characterized by the state variables [4,6].

ψ ¼ψmatð1� f vÞþψ inf v ð2Þ
where f v ¼ V0=VΩ is the inelastic deformation volume fraction in
VΩ. V0 is the sum of the grains having the inelastic deformation. If
the local stress is over the microscopic yield stress in the grain, the
inelastic deformation appears and its volume needs to be counted
into the volume V0.

ψmat and ψ in are the free energy densities of the matrix and
the active sites.

ρψmat ¼ 1
2 E : K : E �αθI : K : E � cθ2

2T0
ð3Þ

ρψ in ¼ 1
2 ε

e : K : ε e þ 1
2 ε

an : K : ε an þ 1
2 ε

in : ð23 CpI Þ : ε in−αθI : K : εe−
cθ2

2T0

ð4Þ
where K is the elastic tensor; ρ is the mass density; Cp is the

specific heat capacity; I is the fourth order unit tensor; and α is

the coefficient of thermal expansion.
By application of the first law of thermodynamics, the external

power Π can be written as

Π ¼ ð1� f vÞΣ : _E þ f vs : _ε eþ f vs : _ε anþ f vðs�x Þ : _ε inþ f vx : _ε in ð5Þ

where ð1� f vÞΣ : _E and f vs : _ε e are the recoverable elastic power;

f vs : _ε an is the anelastic deformation power; and f vðs�x Þ : _ε in is

the inelastic power. The dissipated power includes 2 parts: ane-
lastic dissipation and inelastic dissipation.

3.2. Anelastic deformation in VHCF

The dislocations move slightly without detaching the points of
anchoring under the low amplitude load in anelastic deformation.
The friction of the dislocation could be considered as the source of
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Fig. 5. Mean temperature increment with stress amplitude.

Fig. 6. Crack observation in VHCF for TC4 (a) “fish eye” crack and (b) “FGA” in the
center of the crack.



low thermal dissipation, but the deformation is reversible since
the linear tension/compression is a restoring force bringing the
dislocations to an equilibrium position. The anelastic deformation
is more difficult to be measured because it does not result in any
microstructural change [12].

A Kelvin–Voigt type element is used to describe the stress and
the anelastic deformation relation. The variables include the
viscosity characteristics of the deformation through the viscosity
damp while considering its reversibility character by the spring
stiffness:

σ ¼ με an þ η ̇ε an ð6Þ

where η is the viscosity of the material and μ is the elastic shear
modulus. In the case of very low cyclic load, few activated sites
have inelastic deformation. For simplification, the hypothesis is
made that the local stress would be regarded as ¼Σ in low cyclic
load case, and Σ could be written as

Σ ¼Σ
m
þΣ

a
sin ð2πf rtÞ ð7Þ

where fr is the loading frequency. The average thermal dissipation
per cycle is obtained in a period Ts due to the anelastic deforma-
tion and is given out as follows:

Dan ¼
1
Ts

Z tþTs

t
s : _ε andt ð8Þ

In terms of Eqs. (6) and (7), the anelastic deformation could be
obtained by solving the differential equation. The anelastic dis-
sipation per cycle in this situation at the low stress amplitude case
can be obtained by Eq. (8) and rewritten as

Dan ¼
2ηðπf rJ2ðΣ ÞÞ2

μ2þ4π2f 2r η2
ð9Þ

where μ¼ E=2ð1þνÞ.

3.3. Inelastic deformation in VHCF

Inelastic deformation is from irreversible dislocations slip
caused by the local inhomogeneous stress, which can give rise to
a higher thermal dissipation. In terms of the theory of linear
kinematic hardening [13], the back stress in active sites is
expressed as

_x ¼ 2
3 C _ε

in ð10Þ

_ε in ¼ _λin
∂f
∂s

ð11Þ

f ¼ J2ðs�x Þ�sμy ð12Þ

where _εin is assumed to be local inelastic deformation in the active
sites; f is the yield surface and C is the material hardening
coefficient.

s ¼ s�1
3 traceðs ÞI ð13Þ

J2ðs�xÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2 ðs�x Þ : ðs�x Þ

q
ð14Þ

where s is the local deviator stress tensor. The plastic multiplier

_λin can be obtained from the consistency condition:

_f ¼ ∂f
∂s : sþ ∂f

∂x
: x ð15Þ

The microscopic stress is evaluated from the macroscopic stress
by the law of localization which is obtained by a homogenization

procedure [11]:

s ¼Σ �2μð1�βÞε in ð16Þ

where β¼ 2ð4�5νÞ=15ð1�νÞ, given by the Eshelby two-scale
analysis of a spherical inclusion; μ and ν are the shear modulus
and the Poisson's ratio of the material, respectively.

By using the localization and the kinematic hardening laws, the
above Eq. (15) can be rewritten as

∂f
∂s : Σ �2μð1�βÞ_ε in�2

3
C _ε in

� �
¼ 0 ð17Þ

Consequently, one can deduce the following relation by using
the normality rule with the hardening modulus: h¼ Cþ3μð1�βÞ.

The derivation is listed as below:

_ε in ¼ _λin
∂f
∂S

¼ _λin
∂f
∂s ð18Þ

Replacing _ε in in Eq. (18), the plastic multiplier _λin is rewritten
as

_λin ¼
Hðf Þ
h

∂f
∂s : _Σ ð19Þ

where Hðf Þ is the Heaviside step function (i.e., Hðf Þ ¼ 0, if f o0 and
Hðf Þ ¼ 1 if f 4 ¼ 0). The dissipated energy density d1 becomes

d1 ¼ f vðs�X Þ : _ε in ð20Þ

Integrating Eq. (20) by introducing Eqs. (19) and (20) in a
loading cycle:

din ¼
Z
cycle

d1dt ð21Þ

Considering J2ðs�X Þ ¼sy when fZ0, above Eq.(21) yields:

din ¼ 4
Z Σa

sy

f v
Hðf Þ
h

sydJ2ðΣ Þ ¼ 4f v
1
h
sy Σa�sy

� � ð22Þ

where 〈 〉 are Macauley brackets.

3.4. Probabilities model and thermal dissipation estimation in VHCF

The microscopic yield stress is considered as a probabilistic
variable. The probability for finding k active sites in a domainΩ of
volume VΩ follows Poisson distribution:

PkðVΩÞ ¼ expð�λVΩÞ
ðλVΩÞk

k!
ð23Þ

where VΩ means the volume in the domainΩ. λ is the intensity of
activated sites and assumed to be a function of the macroscopic
equivalent stress amplitude Σ in uniaxial tension–compression
fatigue load for a smooth specimen [6].

λðΣÞ ¼ 1
V0

Σ
S0

� �m

ð24Þ

where S0 and m are two parameters depending on the material
and V0 is the referring volume. The average number of active sites
can be calculated as λðΣÞVΩ in a domain Ω with volume VΩ.

The failure probability PF in the domain under homogeneous
stress Σ having λVΩ active sites equals the probability of finding
at least 1 active site in the volume VΩ, which could induce the
fatigue failure. The Weibull model can be regained within the
framework of Poisson point process [14].

PF ¼ PkZ0ðVΩÞ ¼ 1�Pk ¼ 0ðVΩÞ ¼ 1�expð�λVΩÞ ð25Þ



PF ¼ 1�exp �VΩ

V0

Σ
S0

� �m� �
ð26Þ

If the stress field is no longer homogeneous, the previous result
can be generalized and the approach can be extended to the VHCF
regime [8].

The HCF life prediction is often characterized by the assump-
tion of “fatigue limit”. However in VHCF, where lifetimes exceed
109 cycles the fatigue strength decreases continuously with an
increasing number of cycles and the traditionally understood
“fatigue limit” is not typically observed [1]. Since the fatigue
strength decreases continuously with increasing number of cycles,
it seems to be hard to find the ‘fatigue limit’ in VHCF in terms of
the investigation of Bathias [1]. The fatigue strength at 109 cycles
with 50% failure probability is proposed to replace the “fatigue
limit” in this article.

In a domain Ω, NðΩ;ΣÞ is the number of active sites in a one-
dimension load condition applied on a smooth specimen at a
stress amplitude Σ and the NðΩ;ΣþdΣÞ is the number of sites for
a stress amplitude increment ΣþdΣ.

The number of sites with yield stress between Σ and ΣþdΣ in
a volume V,

dNaðΣÞ ¼ VλðΣþdΣÞ�VλðΣÞ ¼ V
dλ
dΣ

dΣ ð27Þ

In the domain VΩ, the total cyclic dissipation equals the
summation of inelastic deformation energy associated with differ-
ent inclusions' yield stress Σ weighted by the number of sites
having this yield.

Din ¼
Z Σa

0
VΩdin

dλ
dΣ

dΣ ð28Þ

Integrating Eq. (28), the density of cyclic dissipation at the
amplitude of stress Σa:

Din ¼
4mΣ2

a

hðmÞðmþ2Þ
Σa

S0

� �m

ð29Þ

The total dissipation per cycle of VHCF is the sum of anelastic
and inelastic thermal dissipations and is expressed as follows:

D¼DanþDin ð30Þ

D¼ V0
2ηðπf rΣaÞ2
μ2þ4π2f 2r η2

þ 4mΣ2
a

hðmÞðmþ2Þ
Σa

S0

� �m

ð31Þ

The dissipated energy leading to the temperature increment
can be evaluated by the heat conduction equation [15]:

_θþ θ
τeq

¼ f rD
ρCp

ð32Þ

The average temperature increment which is a function of
stress amplitude is estimated as

θ¼ f rτeq
ρCp

2ηðπf rΣaÞ2
μ2þ4π2f 2r η2

þ 4mΣ2
a

hðmÞðmþ2Þ
Σa

S0

� �m
" #

ð33Þ

Eq. (33) shows that the evolution of mean stability temperature
depends on 3 parameters, namely, τeq (the equivalent conduction
time), S0 (reference stress) and m (shape parameter of Weibull
distribution) [16].

The S–N curve of VHCF in uniaxial test condition can be
described by the Basquin model [17] with a “pseudo-fatigue limit”
[18]. The fatigue strength at 109 or 1010 cycles with certain
probability PF could be used to replace the “fatigue limit”:

Nf ðΣa; PF Þ ¼
Σa�ΣDðPF Þ

M

� �� γ

ð34Þ

where ΣDðPF Þ is the fatigue strength at 109 cycles and PF is the
fatigue failure possibility. The parameter M and exponent γ are
both Basquin parameters determined by the VHCF tests. Consider-
ing the dispersion of VHCF test results due to the random
appearance of the microscopic inelastic deformation, the fatigue
strength with failure probability can be rewritten as follows by
referring to Eq. (26):

ΣDðPF Þ ¼ΣDð0:5Þ
lnð1�PF Þ
lnð1�0:5Þ

� �1
m

ð35Þ

The fatigue strength at 109 cycles with different failure possi-
bilities can be deduced from Eq. (35). The predicted fatigue
strength only depends on the shape parameter m of Weibull
distribution if the mean fatigue strength has been determined
with 50% probability from the S–N curve up to 109 cycles.

4. Identification and validation

The VHCF temperature increment is attributed to the micro-
scopic anelastic and inelastic dissipation with high frequency load.
The thermal dissipation part caused by the local anelasctic
deformation is estimated by the first term of Eq. (33). The viscosity
of elastic (η) is the result of the out phase of the local stress and
strain at the high frequency [10] and it could be determined by the
first temperature increment stage in Fig. 5.

The inelastic deformation could accelerate the temperature
increment more significantly at the second temperature rising
stage (Fig. 5). The parameter h simultaneously appears in the
model and plays a role of scale; τeq is the equivalent time
depending on the heat transfer boundary conditions of the

Table 3
Parameters for the thermal dissipation and fatigue scatter model.

m M (MPa) γ sD (MPa) η (MPa s) S0 (MPa) τeq (s)

21 290 7.35 490 5.3�106 670 40
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Fig. 7. Estimation of the temperature increment self-heating evolution versus
stress amplitude in ultrasonic fatigue.



specimen and can be determined as 40 by the experimental
temperature drop curve after unloading the VHCF test; the m,
which is more or less relayed on the evolution of temperature,
identified directly as 21 with the help of the self heating test
(Figs. 4 and 5). The S/N curve described by the Basqin model with
the parameters can be determined by the VHCF test results in
Fig. 3. The model with considering the dispersion of the tests for
VHCF is also due to the randomness appearance of microscopic
inelastic deformation. The parameters of the model (Eq. (32)) are
listed in Table 3. The VHCF strength dispersion with 20% and 80%
failure probability is estimated and plotted in Fig. 8. The model
estimation is given in Fig. 7 which seems to be good to describe
the temperature increment at high load frequency (20 kHz) in
VHCF and the scatter of VHCF seems to be well predicted.

5. Conclusions

The paper investigates the VHCF scatter and thermal dissipa-
tion under the high frequency load for TC4 alloy. The conclusions
are listed as follows:

The fatigue strength of the TC4 alloy is decreased with the
number of cycles increasing and the “FGA” is found in the center of

the “fish eye” crack in the TC4 VHCF test by SEM fracture surface
analysis.

The VHCF thermal dissipation estimation is proposed to
describe the mean temperature increment with stress amplitude
in the thermodynamic framework by the evaluation of the
anelastic and inelastic deformation dissipations based on the
two-scale method.

The probability model for VHCF scatter improved from the
Basquin model with the help of the fatigue thermal dissipation
estimation seems to be able to predict the fatigue dispersion.
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