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Abstract
In this work, the modeling of laminated composite plates with embedded piezoelectric layers is
addressed through a variables separation approach. Both the displacement and electric potential
fields are approximated as a sum of separated functions of the in-plane coordinates x, y and the
transverse coordinate z. This choice yields to a nonlinear problem that can be solved by an
iterative process. That consists of solving a 2D and 1D problem successively at each iteration. In
the thickness direction, a fourth and second-order expansion in each layer is considered for the
displacements and the electric potential, respectively. For the in-plane description, classical
eight-node quadrilateral finite element is used. Numerical examples involving several
representative laminates are addressed to show the accuracy of the present LayerWise (LW)
method. It is shown that it can provide quasi-3D results less costly than classical LW
computations. In particular, the estimation of the transverse stresses which is of major
importance for damage analysis is very good.
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1. Introduction

Nowadays, smart structures constituted of piezoelectric
materials become more and more used in many applications
(see for instance [1]). In fact, in this type of materials, a
double effect occurs, namely direct and inverse effects. The
idea is to take advantage of this characteristic. On the one
hand, a mechanical load induces the generation of a dis-
tribution of charge. On the other hand, the application of a
electric potential implies strains in the structure. It allows to
reduce vibration, noise, deformations in a passive or active
control system for instance. In this way, piezoelectric sensors
and actuators are extensively developed in conjunction with
composite structures owing to their excellent mechanical
properties. So, the development of efficient and accurate
numerical tools is needed for the electro-mechanical modeling
of composite plates.

To avoid 3D finite element (FE) analysis [2] involving
high computational cost, 2D analyses have been widely
developed. The possibility to impose independent electrical
boundary conditions at each piezoelectric layer in the stack
requires a LayerWise (LW) description of the electrical field

variables. So, theoretical models can be classified following
the choice for the mechanical part as:

• the Equivalent Single Layer Models (ESLM), where the
classical Love–Kirchhoff (CLT) with the pioneering work
of Tiersen [3] and also [4–6], Reissner–Mindlin (FSDT,
[7–12]) and higher-order models (HSDT, [13, 14]) have
been developed. The first one leads to inaccurate results
for composites because both transverse and normal strains
are neglected. The second one needs a shear correction
factor. Moreover, transverse shear and normal stress
continuity conditions at the interfaces between layers are
violated for all of them.

• the LayerWise Models (LWM) that aim at overcoming
the restriction of the ESLM and drive to more accurate
results. The works of Saravanos [15] (linear approx-
imation), Moleira [16] and more recently Plagianakos
[17] (third-order approximation) can be cited. Note also
the LW approach based on a sampling surfaces
method [18, 19].

It should be also mentioned the systematic approach
introduced by Carrera, the so-called Carrera’s Unified
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Formulation, that includes a wide family of models with
displacement-based or mixed formulations, see [20–22].

Unfortunately, as pointed out in numerous works, e.g., by
[20, 23, 24], the piezoelectric coupling and the presence of
electrical and mechanical interfaces sharpens the limits of
classical, low-order reduced models such as CLT and FSDT.
Equivalent single layer descriptions, in which the number of
unknowns is independent of the number of layers, prove
useful for a global response analysis [25, 26]. To accurately
capture the local response, the LW description of the laminate
is necessary, whose computational cost, however, depends on
the number of layers. It should be mentioned alternative
approaches to overcome high computational cost. For that, the
number of unknowns can be reduced by introducing the
continuity conditions at the inferface layers (on the transverse
shear stresses). The so-called zig–zag models can be deduced
as in [27–31]. Unfortunately, for very severe cases, some
limitations appear, see [32].

For further analysis, note that excellent reviews and
extensive assessments of laminate theories with piezoelectric
sensors and actuators have been made in [33–37].

A promising alternative approach to reduce the compu-
tational cost in the field of the reduced-order modeling is
based on the separation of variables [38]. It has been proposed
in [39] with a Navier-type solution for the modeling of
composite plates and also used in [40]. The description of the
mechanical quantities through the thickness can be easily
improved in the presented approach to obtain accurate results,
as shown in [41]. So, the aim of the present paper is to extend
the previously developed method to take into account the
electro-mechanical coupling. This method is based on the
separation representation, where both displacements and
electric potential are written under the form of a sum of
products of bidimensional polynomials of (x, y) and uni-
dimensional polynomials of z. For the mechanical unknowns,
a piecewise fourth-order Lagrange polynomial of z is chosen.
The electric unknowns are interpolated with a second-order
expansion. As far as the variation with respect to the in-plane
coordinates is concerned, a 2D eight-node quadrilateral FE is
employed. Using this method, each unknown function of (x,
y) is classically approximated using one degree of freedom
(dof) per node of the mesh and the LW unknown functions of
z are global for the whole plate. Finally, the deduced non-
linear problem implies the resolution of two linear problems
alternatively. This process yields to a 2D and a 1D problems
in which the number of unknowns is much smaller than a
classical LW approach.

The manuscript is organized as follows. First, the electro-
mechanical formulation is given. Then, the principles of the
present method is recalled in the framework of our study. The
particular assumption on the displacements and the electric
potential yields a nonlinear problem. An iterative process is
chosen to solve this one. The FE discretization is also
described. Numerical evaluations are subsequently presented.
Piezoelectric bimorph, four-layer and three-layer plates are
considered. The behavior of the method is illustrated. It is
assessed by comparing with exact solutions, 2D FEM com-
putations performed with the commercial software ANSYS and

results available in literature. In particular, results of a LW
model issued from the Carrera’s unified formulation are
provided.

2. Reference problem description: the governing
equations

Let us consider a composite plate with embedded piezo-
electric sensor and actuator layers, occupying the domain
 = W ´ Wz with Ω = [0, a] × [0 , b] and Ωz = [−h/2,
h/2] in a Cartesian coordinate (x, y, z). The plate is defined by
an arbitrary region Ω in the (x, y) plane, located at the mid-
plane for z=0, and by a constant thickness h. See figure 1.

2.1. Constitutive relation

The plate can be made of NC perfectly bonded orthotropic
layers. The constitutive equations for a piezoelectric layer k
can be written as
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where we denote the stress vector s, the strain vector e, the
electric displacement D and the electric field vector E.
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where Cij
k( ) is the three-dimensional stiffness coefficients of

the layer (k). e is the matrix of the piezoelectric constants:
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Figure 1. The laminated plate with embedded piezoelectric sensors/
actuators and coordinate system



and  is the matrix of the permittivity coefficients:
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The electric field vector E can be derived from the
Maxwell equations:
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where f is the electric potential.

2.2. The weak form of the boundary value problem

The plate is submitted to a surface force density t defined over
a subset ΓN of the boundary and a body force density b
defined in Ω. q and Q are the prescribed body and surface
charges applied on ΓQ. We assume that a prescribed dis-
placement =u ud and electric potential f=fd are imposed
on ΓD=∂Ω−ΓN and G = ¶W - Gf QD

, respectively.
Using the above matrix notations and for admissible

displacement d dÎ Uu and admissible electric potential
δf ä δΦ, the electric potential (or field)-based variational
principle is given by: find f Î ´ FUu,( ) such that:
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3. Application of the separated representation to
piezoelectric plates

In this section, we introduce the application of the variables
separation for piezoelectric plate analysis. It has been already
developed in [41] in the framework of a displacement-based
approach for mechanical load.

3.1. The displacement, the electric potential, the strain and
electric field

The unknowns of the problem, i.e. the displacement solution
u x y z, ,i ( ) and the electric potential f x y z, ,( ) are constructed
as the sum of N products of functions of in-plane coordinates
and transverse coordinate ( ÎN is the order of the

representation)
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where f f f, ,i i i
1 2 3( ), ff

i are defined in Wz and v v v, ,i i i
1 2 3( ), fv

i are
defined in Ω. The ‘ ◦ ’ operator is Hadamardʼs element-wise
product.

In this paper, a classical eight-node FE approximation is
used in Ω and a LW description is chosen in Wz as it is
particulary suitable for the modeling of composite structure
with piezoelectric material. The strain and the electric field
derived from equations (5), (7) and (8) are
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where the prime stands for the classical derivative ¢ =fi
f

z

d

d
i( ),

and a,() for the partial derivative.

3.2. The problem to be solved

The resolution of equation (6) is based on a greedy algorithm.
If we assume that the first m functions have been already
computed, the trial function for the iteration +m 1 is written
as
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where v v v, ,1 2 3( ), fv , f f f, ,1 2 3( ) and ff are the functions to be
computed and um, fm are the associated known sets at
iteration m defined by
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The test function is
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The test functions defined by equations (13) and (14), the trial
functions defined by equations (10) and (11), and the
piezoelectric constitutive relation equation (1) are introduced
into the weak form equation (6) to obtain the two following
equations, equations (16) and (17). For sake of clarity, the
body forces and charges, and the surface charges are not
considered in this expression:
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From equations (16) and (17), a coupled nonlinear
piezoelectric problem is derived. Thus, a nonlinear resolution
strategy has to be used. The simplest one is a fixed point
method. An initial function f 0˜( ), ff

0˜( )
is set, and at each step,

the algorithm computes two new pairs v f,j j(˜ ˜ )( ) ( ) , f fv f,j j( ˜ ˜ )( ) ( )

such as it is explained in algorithm 1.

Algorithm 1. Proper generalized decomposition algorithm

forn=1 to Nmaxdo
Initialize f 0˜( ), v 0˜ ( ), ff

0˜( ), fv
0˜( )

forj=1 to jmaxdo
Compute f j˜( ), ff

j˜ ( ) from equation (17) (linear equation on Wz),
-v j 1˜ ( ) and f

-v j 1˜( ) being known

Compute v j˜ ( ), fv
j˜( ) from equation (16)(linear equation on Ω), f j˜( )

and ff
j˜ ( ) being known

Check for convergence
endfor

(Continued.)

Set =+f fn j1 ˜( ), =+v vn j1 ˜ ( ) and =f f
+f fn j1 ˜ ( ), =f f

+v vn j1 ˜( )

Set = ++ + +u u f vn n n n1 1 1◦ and f f= + f f
+ + +f vn n n n1 1 1

Check for convergence
endfor

The fixed point algorithm is stopped when
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3.3. FE discretization

To build the plate FE approximation, a discrete representation
of the functions f fv fv f, , ,( ) must be introduced. In this work,
a classical FE approximation in Ω and Wz is used. The ele-
mentary vector of dof associated with one element We of the
mesh in Ω is denoted qv

e and fqv
e . The elementary vector of

dofs associated with one element Wz e of the mesh in Wz is
denoted q f

e and fq f
e . At this stage, it should be mentioned that

it is possible to choose independently the interpolations for
the mechanical and electric unknowns. The displacement
fields, the electric potential, the strain field and the electric
field are determined from the values of qv

e,
fqv

e , and q f
e , fq f

e by
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The matrices Nxy, Bxy, Nz, Bz, fB xy, fN xy, fB z, fN z contain
the interpolation functions, their derivatives and the jacobian
components.

3.4. FE problem to be solved on Ω

For the sake of simplicity, the functions f j˜( ), ff
j˜( )
which are

assumed to be known, will be denoted f̃ , ff̃ , respectively. And

the functions v j˜ ( ), fv
j˜( ) to be computed will be denoted v and



fv , respectively. The strains and the electric field in
equation (16) are defined as
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The variational problem defined on Ω from equation (16)
is
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The introduction of the FE approximation equation (19)
in the variational equation (23) leads to the linear

electromechanical system

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥





f
f

=
f

f

f
f

ff
f f f

f

f f f

f f f

f

f

K K

K K

q
q

u

u

,

,

, ,

, ,
, 26

z
vv

z
v

z
v T

z

v

v
v

m m

m m

( ˜ ) ( ˜ ˜ )

( ˜ ˜ ) ( ˜ )

( ˜ )
( ˜ )

( )

where

• qv and fqv are the vector of the nodal displacements and
electric potential, respectively, associated with the FE
mesh in Ω.

• fKz
vv( ˜ ) is the mechanical stiffness matrix obtained by

summing the elements’ stiffness matrices
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W

f fK B k B dz
vv
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T

z
vv
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e

e
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( ˜ ) [ ( ˜ ) ] .

• f
ff fK ,z

v ( ˜ ˜ ) is the electro-mechanical matrix obtained
by summing the elements’ coupling matrices
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W
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• ff
ffKz ( ˜ ) is the electric matrix obtained by summing

the elements’ electric matrices

ò= - Wff
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W
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T
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•  ff u, ,v
m m( ˜ ) is the equilibrium mechanical residual

obtained by summing the elements’ residual load vectors

 ò sf f= - W
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f f fu N t B u, , , , dv
m m

xy
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z xy
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z
m me

e
e

(˜ ) [ (˜ ) (˜ )] .

•  ff ff u, ,m m( ˜ ) is the equilibrium electric residual obtained
by summing the elements’ residual electric vectors

 ff ff u, ,m me ( ˜ ) = ò f- Wf f
W

fB D u, , dxy
T

z
m m

e
e

[ ( ˜ )] .

3.5. FE problem to be solved on Ωz

For the sake of simplicity, the functions -v j 1˜ ( ), f
-v j 1˜( ) which

are assumed to be known, will be denoted ṽ, fṽ and the

functions f j˜( ), ff
j˜( )
to be computed will be denoted f , ff . The

strain in equation (17) is defined as
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The variational problem defined on Wz from
equation (17) is
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The introduction of the FE discretization equation (19) in
the variational equation (30) leads to the electro-mechanical
linear system
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where

• q f and sq f are the vector of dof associated with the FE
approximations in Wz for the mechanical and electric
unknowns, respectively.

• vKxy
ff ( ˜) is obtained by summing the elements’ stiffness

matrices:
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• f
f v vK ,xy

ff ( ˜ ˜ ) is obtained by summing the electro-mechan-
ical elementary matrices:
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• f
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f f ( ˜ ) is obtained by summing the electric elementary

matrices:
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brium residual with  = =v vN tf
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m mCoup( ˜ ) is obtained by the summation

of the elements’ residual vectors given by
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•  fff
v u, ,f

m m( ˜ ) is a equilibrium electric residual obtained
by the summation of the elements’ residual vectors given

by ò ff f
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v zB D u, , dz
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[ ( ˜ )] .

Remark. in our approach, the problem to be solved is split
into two parts: a 1D problem (associated to the z-coordinate)
and a 2D problem (associated to the (x, y)-coordinate). The
number of dof of each of them can be given as:

• 2D problem: mechanical dofs = +N N Ndofs 3 3 x y2D
M (

+ +N N2 1x y( ) ), electrical dofs = +N N Ndofs 3 x y2D
E

+ +N N2 1x y( )
• 1D problem: mechanical dofs =Ndofs1D

M

+z N3 Deg 1z
M( ), electrical dofs =Ndofs1D

E +z NDeg 1z
E ,

where zDeg M and zDeg E are the order of z-expansion of the
mechanical and electrical unknowns, respectively. Nz is the
number of numerical layers (NL), N N,x y are the number of
elements in the x and y-direction, respectively. This can be
compared to a classical LW approach where the number of dofs
is: NdofsLW

M = +z N3 Deg 1z
M( ) +N N3 x y( + +N N2 1x y( ) )

and = + +N z N N Ndofs Deg 1 3z x yLW
E E( )( + +N N2 1x y( ) ).

The computational cost of the present method mainly
depends on the number of dofs involved in the 2D problem,
the cost of the 1D problem being considered as negligible
when the number of elements Nx, Ny is high. So, the inter-
esting feature is the independence of the computational cost
with respect to the number of NL and the order of the
z-expansion for both mechanical and electrical problem. This
is particularly interesting for the modeling of laminated
composite structures with embedded or bonded piezoelectric
layers that exhibit complex behavior in the thickness direction
and needs a refined description to have a good representation
of the coupling effect.

4. Numerical results

This section is devoted to the assessment of the present
approach for static response of piezoelectric plates with sen-
sor and actuator configurations. The results are compared with
reference results, that can be exact closed-form solutions
available in open literature or 2D FEM solutions.

In the numerical examples, an eight-node quadrilateral
FE based on the classical serendipity interpolation functions



is used for the electrical and mechanical unknowns depending
on the in-plane coordinates. For the unknowns depending on
the z-coordinate, a quadratic FE is chosen for the electrical
potential as it is recommended in [12, 20]. The displacement
is described by a fourth-order interpolation as it is justified in
[41]. A Gaussian numerical integration with 3×3 points is
used to evaluate the elementary matrices. As far as the inte-
gration with respect to the transverse coordinate is concerned,
an analytical integration is performed.

In this section, the present approach is assessed through
different static tests available in open literature. The polar-
ization direction of the material is assumed parallel to the
thickness direction z of the plate. First, a piezoelectric
bimorph is considered as in [42]. A convergence study is
carried out to determine the suitable mesh for the further
analysis. Some comparisons with reference results for dif-
ferent slenderness ratios are provided. Then, a two-layer
cross-ply with piezoelectric layers bonded to the top and
bottom surfaces is addressed. A comparison is given with
exact solution [43] and also with a fourth-order LW model
referring to the systematic work of Carrera and his ‘Carrera’s
unified formulation’, see [21, 44, 45]. Finally, the approach is
assessed for a three-layer cross-ply plate [43, 46]. Thus, dif-
ferent types of composites are considered with different
geometries.

Note that the transverse shear and normal stresses and the
electric displacements are evaluated using the coupled con-
stitutive equation (1).

4.1. Piezoelectric bimorph

A parallel piezoelectric bimorph plate with sensor and
actuator configurations is considered as proposed in [42]. The
test is described as follows:

Geometry: a two-layer rectangular plate with a=25 mm and
length-to-thickness ratio S=2, 5, 10, 20 ( =S a

h
)—all

layers have the same thickness; a quarter of the plate is
meshed.

Boundary conditions: simply-supported plate at opposite
edges (x=0, a).

Sensor case: a uniform pressure is applied on the top
surface q(x, y, z = h/2)=1000 N.m−2. The external
surfaces of each layer are electrically grounded.

Actuator case: a constant electric voltage is applied on

the top and bottom surfaces fd(x, y, z=±h/2)=
V0=50V and a zero voltage (fd(x, y, z = 0) = 0 V) is
applied at the intermediate electrode.

Material properties: two layers made of PZT-4 with parallel
poling direction along the z-axis. The material properties
are given in table 1.

Results for sensor case displacements and stresses are made
non-dimensional according to
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Results for actuator case displacements and stresses are made
non-dimensional according to
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with E0=1010 V m−1. We have also
= -+ -X X X0 00[[ ]] ( ) ( ) with s=X D,11 3¯ ¯ .

Reference values the two-dimensional FE results with plane
strains assumptions are given in [42] with ABAQUS.
Additional 2D FEM results computed by ANSYS (plane
strains assumptions) are also used. PLANE223 element is
used with a very refined mesh (80×50 elements).

As shown in [47], the plane strain assumption has an
important influence on the results. Using Ny=2 in the width

Table 1. Material data for the piezoelectric plate for all tests.

Property PZT-4 Gr/Ep PVDF Property PZT-4 Gr/Ep PVDF

E1 [GPa] 81.3 132.38 237.0 e15 [CM−2] 12.72 0 –0.01
E2 [GPa] 81.3 10.756 23.2 e24 [CM−2] 12.72 0 –0.01
E3 [GPa] 64.5 10.756 10.5 e31 [CM−2] −5.20 0 –0.13
ν23 0.432 0.49 0.177 e32 [CM−2] −5.20 0 –0.14
ν13 0.432 0.24 0.178 e33 [CM−2] 15.08 0 –0.28
ν12 0.329 0.24 0.154  S

11 0 [–] 1475 3.5 12.50
G23 [GPa] 25.6 3.606 2.15  S

22 0 [–] 1475 3.0 11.98
G13 [GPa] 25.6 5.6537 4.4  S

33 0 [–] 1300 3.0 11.98
G12 [GPa] 30.6 5.6537 6.43



direction, the dimension b is varying to meet the plane strain
condition.

4.1.1. Sensor case. First, the convergence properties are
studied so as to derive the suitable mesh refinement for the
subsequent numerical examples.

Different mesh refinements from Nx=2 to Nx=32 are
considered, Nx being the number of elements along the x-
direction. The results are summarized in table 2 for both
displacements, stresses and electric potential, electric dis-
placement. Only two couples are built. It appears that the
convergence rate is high. For the displacements, the in-plane
stresses and the electric unknowns, a Nx=4 is sufficient to
obtain very accurate results (error rate less than 0.78% for ū,
w̄, s11¯ , f̄ and D3¯ ). The convergence rate of the transverse
shear stress is lower. It needs 24 elements to obtain less than
1%. Based on all these results, a Nx=24 mesh is necessary
to obtain an error rate of less than 1%. It will be used in the
following for the modeling of piezoelectric plates.

Then, the influence of the slenderness ratio is addressed.
The results are given in table 3. Two (S= 10, 20) to six
(S= 2) couples are built to recover the solution. These
couples are represented in figure 2 for S=10. The

mechanical and electrical results are in excellent agreement
with the reference solution for very thick to thin plates. The
error rate is less than 1.5% regardless of the slenderness ratio,
excepted for the transverse shear stress for S=20. Note that
this later is 3% and can be decreased by refining the in-
plane mesh.

The distributions of deflection, in-plane and transverse
shear stress, electric potential and displacement through the
thickness are shown in figures 3 and 4. It can be inferred from
these figures that the results of the present approach are in
excellent agreement with the reference 2D FEM solution. The
nonlinear variation of the deflection is well-described.
The free boundary conditions on the top and bottom surfaces
are fulfilled, and the jump of the transverse electric
displacement at the interface between the two layers is well
captured.

4.1.2. Actuator case. The actuator configuration is assessed.
First, the evolution of the error rate for the displacements,
the in-plane stress and the electric displacement with
respect to the number of couples is given in table 4.
The first couple is built to fulfill the electric boundary
conditions. We can observe that the 4th couple increases

Table 2. Parallel bimorph plate—sensor—S=10—Nz=NC.

Nx Model u h 2¯ ( ) w 0¯ ( ) s h 211¯ ( ) s 013¯ ( ) f -h 4¯ ( ) +D 03¯ ( ) -D 03¯ ( )

2 Present 361.155 −2318.79 –79.923 −9.3499 –0.7515 57.500 –59.706
Error 0.26% 1.25% 1.77% 159.89% 1.97% 1.46% 1.68%

4 Present 362.506 −2346.04 –79.145 −4.9839 –0.7673 58.543 –60.851
Error 0.11% 0.09% 0.78% 38.53% 0.09% 0.33% 0.20%

8 Present 362.389 −2347.93 –78.688 −3.9130 –0.7676 58.366 –60.770
Error 0.08% 0.01% 0.20% 8.76% 0.13% 0.02% 0.07%

16 Present 362.289 −2348.21 –78.617 −3.6543 –0.7677 58.426 –60.793
Error 0.05% 0.00% 0.11% 1.57% 0.14% 0.13% 0.11%

24 Present 362.334 −2348.04 –78.536 −3.6157 –0.7672 58.366 –60.753
Error 0.07% 0.00% 0.01% 0.50% 0.07% 0.02% 0.04%

32 Present 362.334 −2348.04 –78.525 −3.5990 –0.7672 58.370 –60.755
Error 0.07% 0.00% 0.01% 0.04% 0.07% 0.03% 0.04%

2D FEM 362.0950 −2348.0992 –78.531 −3.5977 –0.7666 58.353 –60.728

Table 3. Parallel bimorph plate—sensor—Nx=24, Nz=NC.

S Model u h 2¯ ( ) w 0¯ ( ) s h 211¯ ( ) s 013¯ ( ) f -h 4¯ ( ) +D 03¯ ( ) -D 03¯ ( )

2 Present 2.6185 −5.9861 –3.4001 −0.7054 –0.0369 1.6514 –4.1857
Error 0.46% 0.01% 0.67% 0.03% 0.17% 1.52% 0.11%

2D FEM 2.6066 −5.9866 –3.4231 −0.7052 –0.0369 1.6267 –4.1809
5 Present 44.3827 −158.6073 –19.8240 −1.7907 –0.1979 14.1910 –16.5270

error 0.25% 0.00% 0.03% 0.36% 0.18% 0.37% 0.08%
2D FEM 44.2715 −158.6129 –19.8290 −1.7972 –0.1975 14.1390 –16.5130

10 Present 362.3341 −2348.04 –78.5360 −3.6157 –0.7672 58.3660 –60.7530
Error 0.07% 0.00% 0.01% 0.50% 0.07% 0.02% 0.04%

2D FEM 362.0950 −2348.09 –78.5310 −3.5977 –0.7666 58.3530 –60.7280
20 present 2915.55 −36793.85 –313.870 −7.4436 –3.0495 235.56 –238.04

Error 0.01% 0.01% 0.17% 3.45% 0.21% 0.15% 0.19%
2D FEM 2915.33 −36789.40 –313.330 −7.1953 –3.0431 235.21 –237.58



Figure 2. Couples ( f zi
1 ( ), f zi

3 ( ), ff zi ( )) and ( =v x y b, 2i
1 ( ), =v x y b, 2i

3 ( ), =fv x y b, 2i ( )) associated to the displacements u1, u3 and to

the electric potential f—S=10—bimorph plate—sensor.

Figure 3. Distribution of u3¯ (left), s11¯ (middle) and s13¯ (right) along the thickness—S=10—parallel bimorph plate—sensor.

Figure 4. Distribution of f̄ (left) and D3¯ (right) along the thickness—S=10—parallel bimorph plate—sensor.



significatively the accuracy of the solution. Then, the
following couple allows us to correct the in-plane stress.
Five couples drive to a error rate of less than 1%.
For further description, the distribution of the different
couples are shown in figure 5 ( f zi

1 ( ), =v x y b, 2i
1 ( )),

figure 6 ( f zi
3 ( ), =v x y b, 2i

3 ( )) and figure 7 ( ff zi ( ),
=fv x y b, 2i ( )) for the displacements and the

electric potential. As the result is independent of y, only

the x-variation is given. We can see that the couple four is a
global mode with a linear variation of the in-plane
displacement and a constant deflection through the
thickness. It corresponds to a FSDT kinematics. This
mode is completed with local modes (2, 3, 6) with high-
order through-thickness expansions.

For further assessment, numerical results for displace-
ments, in-plane stress and electric displacement are given in

Table 4. Error versus number of couples—parallel bimorph plate—actuator—S=5—Nx=24, Nz=NC.

NCoup u h 2¯ ( ) w 0¯ ( ) s h 211¯ ( ) s -h 211¯ ( ) +D 03¯ ( )

2 74.93% 94.75% 19.11% 5.52% 12.1%
3 75.44% 94.62% 13.65% 5.76% 11.22%
4 0.02% 0.30% 3.42% 0.57% 0.36%
5 0.32% 0.29% 0.86% 0.12% 0.28%
6 0.43% 0.29% 0.62% 0.12% 0.62%
7 0.38% 0.16% 0.46% 0.08% 0.52%

Figure 5. Couples f zi
1 ( ) (left), =v x y b, 2i

1 ( ) (right) associated to the displacement u1—S=5—bimorph plate—actuator.

Figure 6. Couples f zi
3 ( ) (left), =v x y b, 2i

3 ( ) (right) associated to the displacement u3—S=5—bimorph plate—actuator.



table 5 for different slenderness ratios. They are compared
with 2D FEM computations with ANSYS. Note that the
results obtained by Fernandes in [42] with a 2D FEM

approach are different, and are not reported here. The
accuracy of the results are very good for very thick to thin
structures. The error rate is less than 0.5%, excepted for the
in-plane displacement in the very thick case (2.38%). So, the
present approach has a wide range of validity. Note that a
discontinuity of the transverse electric displacement occurs at
the layer interface, and it is well-described.

4.2. Four-layer plate

The data involving a four-layer plate, proposed in [43] is
given as follows:

Geometry: a four-layer plate with two inner (0°/90°) layers
with hi=0.4h, and two external skins with he=0.1h—
a=b and length-to-thickness ratio S=4; a quarter of
the plate is meshed.

Boundary conditions: simply-supported plate
Sensor case: a bi-sinusoidal pressure is applied

on the top surface q(x, y, z = h/2)=q0
p psin sinx

a

y

b
,

with q0=1. The external surfaces are electrically
grounded.

Figure 7. Couples ff zi ( ) (left), =fv x y b, 2i ( ) (right) associated to the electric potential f—S=5—bimorph plate—actuator.

Table 5. Parallel bimorph plate—actuator—Nx=24, Nz=NC

S Model u h 2¯ ( ) w 0¯ ( ) s11 0[[¯ ]] D3 0[[ ¯ ]]

2 Present −3.6356 5.1988 4.8410 43.730
Error 2.38% 0.18% 0.16% 0.08%

2D FEM −3.5512 5.1896 4.8489 43.766

5 Present −10.6834 29.9600 4.8827 43.959
Error 0.50% 0.07% 0.34% 0.09%

2D FEM −10.6306 29.9400 4.8660 43.918

10 Present −22.4840 118.3540 4.8706 43.89
Error 0.25% 0.01% 0.09% 0.04%

2D FEM −22.4280 118.3660 4.8660 43.92

20 Present −46.1040 472.0000 4.8586 43.870
Error 0.19% 0.02% 0.15% 0.11%

2D FEM −46.0160 472.0800 4.8660 43.917

Figure 8. Distribution of u1 (left) and u3 (right) along the thickness—S=4–4 layers—sensor.



Actuator case: a bi-sinusoidal electric voltage is
applied on the top surface f = =x y z h, , 2d ( )
f p psin sinx

a

y

b0 and fd(x, y, z=−h/2)=0 on the
bottom surface.

Material properties: The inner layers are made of carbon fiber
reinforced material (Gr/Ep) and the two external ones are
constituted of piezoceramic material PZT-4. The piezo-
electric layers are polarized in the thickness direction.
The material properties are given in table 1.

Reference values the three-dimensional exact elasticity results
are given in [43, 46].

LD4 The LW model based on a displacement-based approach
where each component is expanded until the fourth-order
is given for comparison [21, 45]. 12NC+3 mechanical
and 4NC+1 electric unknown functions per node are
used in this kinematic.

First, the sensor configuration is considered. The solution
is obtained with four couples. The through-thickness dis-
tribution of the electro-mechanical quantities are given in
figures 8–10 . The displacements, the stresses and the electric
potential and displacements are in excellent agreement with
the reference solution. The slope discontinuity of the dis-
placements distribution is taken into account by the present
approach, see figure 8. The continuity of the transverse
stresses (σ13 and σ33) and the top/bottom conditions are
fulfilled with only one numerical layer per physical one. For
the transverse electric displacement, additional NL are needed
to ensure the continuity. As shown in figure 11, four NL in
the top/bottom layers allows us to correct that. It does not
modify the computational cost as the refinement of the 1D
mesh (associated to f zi

1 ( ), f zi
3 ( ), ff zi ( )) is involved. We can

also observe that the results are very close to the LD4 model
for all the quantities.

Then, the actuator case is studied. Three couples are
needed to recover the solution. The distributions of the in-

Figure 9. Distribution of σ11 (left), σ13 (middle) and σ33 (right) along the thickness—S=4–4 layers sensor.

Figure 10. Distribution of f (left) and D3 (right) along the thickness—S=4–4 layers —sensor.

Figure 11.Distribution of D3 along the thickness—S=4–4 layers—
4/12/20 numerical layers—sensor.



plane displacement, the in-plane stress, the transverse normal
stress and the electric potential are shown in figures 12 and
13. The results of the present approach are in good agreement
with the LD4 model while high variations occur through the
thickness. It seems that the distribution of the in-plane

displacement is difficult to be represented in the top layer.
Nevertheless, the accuracy of the in-plane stress is very good
compared to the exact 3D solution, even in the top layer,
where high variation is observed. For this case, NL must be
introduced to ensure the continuity of the transverse normal

Figure 12. Distribution of u1 (left) and f (right) along the thickness—S=4–4 layers—actuator.

Figure 13. Distribution of σ11 (left) and σ33 (right) along the thickness—S=4–4 layers—actuator.

Figure 14. Distribution of u1 (left) and u3 (right) along the thickness—S=4–3 layers—sensor—Nz=6.



stress. Four NL in the top/bottom layers and two in the inner
layers are sufficient (see figure 13 right).

4.3. Three-layer plate

Another type of composite is now considered to assess the
present approach. The test is described as follows:

Geometry: a three-layer (0°/90°/0°) plate with equal
thickness layers—h=0.01 m—a=b and length-to-
thickness ratio S=4; a quarter of the plate is meshed.

Boundary conditions: same as section 4.2—sensor case.
Material properties: the plate is made entirely of PVDF

piezoelectric material (see table 1).
Reference values the three-dimensional exact elasticity results

are given in [46]. The circle points related to the exact
solution are reported from the values given by [48].

Only two couples are sufficient for this configuration.
The distribution of the displacements, the stresses and the
electric unknowns are shown in figures 14–16 . Again,
the accuracy of the results are excellent when compared
with the exact solution. Some features which are well-
described by the present approach can be observed:

• The zig–zag effect of u1 is well-captured.
• The through-thickness variation of the transverse dis-
placement u3 is not linear.

• The top and bottom boundary conditions are fulfilled.
• The continuity of the transverse stresses and the
transverse electric displacement is ensured with only
one numerical layer per physical layer.

Thus, the developed approach involving 2D and 1D
problems has the capability to recover three-dimensional
solution.

5. Conclusion

In this work, a variable separation approach is extended for
the modeling of piezoelectric plates. A eight-node FE for the
in-plane approximation is used for all unknowns. A fourth-
order and second-order LW description of the thickness
approximation are chosen for the mechanical and electrical
unknowns, respectively. The electro-mechanical problem
requires a good description of the different variables through
the thickness, and the approach allows us to choose easily the
suitable order of approximation without increasing the com-
putational cost. The approach has been assessed on various
piezoelectric materials, slenderness ratios, geometries and
boundary conditions.

Comparisons with exact reference solutions, reference
2D FEM and results available in open literature have shown
the very good accuracy of the method with a very attractive

Figure 15. Distribution of σ11 (left), σ13 (middle) and σ33 (right) along the thickness—S=4–3 layers—sensor—Nz=6.

Figure 16. Distribution of f (left) and D3 (right) along the thickness—S=4–3 layers—sensor—Nz=6.



reduction of the computational cost. In fact, the computational
cost of this LW description does not increase with the number
of layers as only the cost of the 1D problem depends on this
number. So, the present work can provide quasi-3D results
with the possibility to refine the transverse description,
avoiding expensive 3D FEM or classical LW computations.
Moreover, the storage capacity involved in the present study
is reduced owing to the separation of variables allowing to
decrease the dimension of the problem. Therefore, this
method seems to have very attractive features for the num-
erical modeling of piezoelectric multilayered structures.

For future works, a extension towards the vibration
analysis will be investigated. Piezoelectric material coeffi-
cients could also be included as unknown parameters.
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