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1. Introduction

Multi-body contact problems are frequent in structural analysis.
They are characterized by inequality constraints such as non-
penetration conditions, sign condition on the normal constraints,
and an active contact zone which is unknown a priori. Several
approaches exist for solving the non-linear equations issued from
the finite element discretization of frictionless contact problems
[1,2]. An important point is to evaluate the approximation errors
introduced by the numerical algorithm. For contact problems two
sources of errors are introduced, the first one due to the spatial dis-
cretization (the finite element mesh), the second one due to the
algorithm used to solve the non-linear equations. Here, we con-
sider a natural domain decomposition which consists in adapting
a Neumann-Dirichlet method to a multi-body frictionless contact
problem by preserving the physical decomposition of the structure
[3,4].

Several methods have been developed over many years to eval-
uate the global quality of FE analysis. For linear problems the ear-
lier works have lead to estimators based on the residual of the
equilibrium equation [5], estimators based on the concept of con-
stitutive relation [6], and estimators using the smoothing of the
finite element stresses [7]. For multi-body contact problems there
is much less work [8-14].

* Corresponding author.
E-mail addresses: laurent.gallimard@u-paris10.fr (L. Gallimard), sassi@math.
unicaen.fr (T. Sassi).

In this paper, we consider a domain decomposition algorithm associated to a finite element method to
approximate a unilateral frictionless contact problem between two elastic bodies. We present a global
error estimator that takes into account of the error introduced by finite element analysis as well as
the error introduced by the iterative resolution of the domain decomposition algorithm. The control of
these error sources is a key point in order to introduce adaptive techniques and we propose error indi-
cators that estimate the contribution of each source of error.

The objective of this paper is to present an a posteriori global
error estimator for a frictionless multi-body contact problem
solved by a Neumann-Dirichlet decomposition algorithm [3],
assuming small strains and displacements. Additionally, two error
indicators that allow to estimate the part of the error due to the
spatial discretization and that due to the domain decomposition
algorithm are developed. We present, in this paper, a first applica-
tion for six-node triangular elements with matching meshes on the
contact zone.

The paper is organized as follows: in Section 2, we introduce the
frictionless contact problem to be solved. The domain decomposi-
tion algorithm is described in Section 3. In Section 4, the continu-
ous and the finite element variational formulations are introduced.
Section 5 is devoted to the formulation of the global error estima-
tor, the discretization error indicator and the algorithm error indi-
cator. Finally, in Section 6 the different errors are analyzed through
numerical examples.

2. Reference problem description

We consider the problem of two bidimensional elastic bodies
@' and ©? under the assumption of small strains and displace-
ments (Fig. 1). The boundary I'* of Q%(« = 1,2) is divided into three
disjoint parts I';, I'y and I'Z with I'; # (0. On the first part denoted
by I';, we assume homogeneous Dirichlet data. On the second part
denoted by I'} a surface density force p* is given. The complemen-
tary part denoted by I'¢ is the boundary region where the contact
between the two bodies is possible. We suppose that I't = I'2,
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Fig. 1. Contact problem.

which we denote I'c. The notation n* stands for the unit outward
normal on the boundary of Q% We choose an orientation for I'¢
by setting: n® = n'. Furthermore, each body is subjected to a volume
force b*. We assume that the strain tensor ¢ generated by the dis-
placement field u is linearized, and we denote by K* the elastic
operator associated with ©Q*,

2.1. Problem formulation

The problem of unilateral contact consists of finding (u* ¢%*) de-
fined on Q% (o = 1,2) satisfying conditions (1)-(6)

u*=0 onl7j, (1)
dive* +b* =0 in Q" 2)
o*n*=p* on Iy, (3)
o* =Keu*) in Q. (4)
The unilateral contact relations are satisfied on I'¢

ty(0') = ~tn(0%) =Ly, tr(0") = tr(0%) =0, (5)
(uy —uy) <0, <0, (uy—up)ty =0, (6)
where

t(c*) = a*n?,

and for any vector x we define its normal and tangential compo-
nents by

Xy =X-Nn% Xp=Xx—Xynt.

The equalities in Eq. (5) express the continuity of the normal
stress between the two elastic bodies, and the absence of friction.
The first inequality in Eq. (6) expresses the non-penetration of the
two bodies: either contact or separation is allowed. The second
inequality states the sign of the normal constraint. The third con-
dition implies that at the possible contact area I'¢, we have either
zero boundary stress or contact between the two bodies.

3. Domain decomposition algorithm

In this section, we briefly recall the Neumann-Dirichlet domain
decomposition algorithm that we use to solve the unilateral con-
tact problem. According to [3], the basic idea of this algorithm is
to retain the natural interface between the two bodies as numeri-
cal interface for the domain decomposition.

We define the following algorithm, in which 6, is a non-nega-
tive parameter that will be determined in order to ensure the con-

vergence of the algorithm. Let tj®, a traction distribution defined
on I'c, for p > 1, we built the sequence of functions (u;)pgl,
(u2),>, and (t;™),., by solving successively, a Neumann problem
Py defined on @2, a Dirichlet problem 7, defined on Q', and by

updating the traction t;* on I'c:

e (Py) For a given t)?4 on I'c, find a solution (u2, 62) such that

p>7p

u?=0 onIj, (7)

dive? +b*=0 in @, (8)

o> =p* only, (9)

af,nz =t onlk, (10)

2 _k2e(12) in O2

o, =K¢(u,) in Q" (11)
e (Pp) For a given u? on I'c, find a solution (u}, d}) such that

uy=0 on I}, (12)

dive} +b' =0 in Q' (13)

o' =p' onTy, (14)

oy =K'e(u)) inQ', (15)

tr(g,) =0 on Ik, (16)

(up)y — (W3)y) <0, ty(0y) <0,

((ul)y — (2)y)tn(c}) =0 on I (17)
e Update t;*

= 0pt(0'[1,) + (1= 0,)5%. (18)

The proof of the convergence of the algorithm toward the solu-
tion of the unilateral contact problem (1)-(6) is given for 0 < 6, < ¢
in [3].

Remarks

1. In practice, we will set 0, to a fixed value 6. On the studied
numerical examples, a choice of 0 = 0.5 leads to the convergence
of the algorithm.

2. This algorithm assumes that I'2 (), so the Neumann problem
has a solution for every t;*.

4. Variational and discrete formulation of the algorithm
4.1. Variational formulation

In order to obtain the variational formulation of the problems,
we introduce the spaces V* (o =1,2)

Vi ={veH Q")) v=0o0nT%}
and NV (I'¢) the convex cone of negative functions defined on I'c in

some dual sense (for a detailed study see for instance [15]).
For v € V* and u € V*, we set

K*e(u®) - e(v*)dQ

o

ay(u,v) =

and

fa(y):< b“-vd9+/ p“-vdS),
* r

where a,(-,-) is the bilinear form in elasticity. The linear form f,(-)
takes into account the external loads b* and p*.



4.1.1. Neumann problem Py

The problem Py is a classical linear elastic problem with a pre-
scribed traction on I'c. The weak form of Eqs. (7)-(11) is given by a
variational equality

Find u € V* such that a,(u}, v)

:fz(v)—i-/r o vdS Vv eV’ (19)

4.1.2. Dirichlet problem Pp

The problem P, is a unilateral contact problem on a rigid body.
The convex set of admissible displacement that contains the dis-
placement fields satisfying the non-penetration condition is de-
fined by

Vig={veV,v-n“-s,<0on I'c},

where §, = uﬁ -n°¢ describes the rigid body.

It is well known that the weak form solution of the unilateral
contact problem defined by Egs. (12)-(17) can be obtained from
a variational inequality

Find u) € V;, such that a;(uy, v —u})) > fi(v—u)) VYo eV,
(20)

Introducing the surface traction on the contact boundary I'c as
additional unknown, the variational inequality (20) can be written
as a saddle point problem: Find (uy, /) € V! x N(I'¢) such that

al(u;,v)—fl(v)—/r Mv-n)dS=0 Yve)',

(21)
/ (1t — 2)(u)-n° —6,)dS > 0 Ve N(I¢).

4.2. Discretized algorithm

With each subdomain Q% we associate a regular family of dis-
cretization Ty,. Here we use, classical six-node triangular elements.
These triangulations coincide on the contact zone I'c. The interface
I'cis then associated with one-dimensional triangulation inherited
from Ty, or Ty. We will denote the FE discretization of the space V*
by V}: and of the space N (I'c) by Nu(I¢c).

4.2.1. Discretized Neumann problem Py,
The finite element problem Py, for Py is

Find uj , € V; such that a(uj ,, o)

:fz(u,,)+/r (. 0, dS Yoy € V2. (22)
C

4.2.2. Discretized Dirichlet problem Pp},
The discretized mixed variational formulation is: Find uj} , € Vi
and 4, € Ny(I'c) such that

a1 (u,]w, l/h) - / )vh(llh -nc)dS =0 Vo, €V,

e (23)
/ (Hy — Inp)(1tl, -1 — 33,)dS = 0 Vpt, € N(Tc),
Jre

where 6y, = uﬁ‘p -n¢, describes the shape of the rigid obstacle.

4.2.3. Matrix formulation of the Neumann-Dirichlet algorithm

To build the matrix formulation of the discretized problems
(22) and (23), we need to introduce the expressions of the func-
tions uf, 2, by considering their values at the ith node of the FE
discretization

Ny N¢
up = 2; 1), = E]j WiA(D),

where ¢7, y; are the basis functions of the spaces V};, Ny(I'c) (i.e.
¢? are the basis functions for a six-node triangular element, and
; their restriction to I'¢).

The normal part of ¢)* can be expressed on that basis (the tan-
gential part is set to zero as there is no friction)

Ne¢
et =) " A i), (24)
i=1

The FE discretization of the domain decomposition algorithm
(12)-(18) leads to the following discretized algorithm: Let
A" € RV be given, at each iteration p solve the following
problems:

o For a given 4%, compute a solution qf, of the discretized Neu-

mann problem
2 .2 2 C neu
K°q, =F + 0 Ay (25)

« For a given g2, compute a solution (g}, A3") of the discretized
Dirichlet problem

C )
1.1 dir _ g1
K'q, - <0>AP =F,
(@pn — pn) <O, €A <0, (qpy — Gpn) €A" =0,

(26)
where ¢;  is the vector corresponding to the normal displace-
ments of the nodes of Q% on I'c. K* (o = 1,2) is the stiffness ma-
trix corresponding to Q% C is the contact matrix and F* is the

vector representing the external loads.
 Update A,

A = 0p AT+ (1= 0p) A3 (27)

The stopping criterion is defined by
di
45" — A4

RV

T

At each step of the algorithm the elastic linear problem (25) is
solved for a given traction on the contact zone. The problem (26)
is a unilateral contact problem on a rigid body which is solved
by a status method as defined in the finite element code CAS-
TEM2000 [16]. On the studied problems, the status method con-
verges in 2 or 3 iterations toward a solution verifying

q;VN - qﬁvN <0 and CA;™<O.
When converged this algorithm gives us two displacements

vectors (q',q?) and two contact forces vectors (A'= %"
A% = A™Y). The solution is computed from the discrete vectors

Ny
up =Y ¢{q*(i) and o} =K’g(u;) on Q7
i=1
NC
tr=> y;A%(i) onTc.
i1

This algorithm introduces two error sources, the first one is
introduced by the resolution of the FE problems (Egs. (25) and
(26)), the second one is introduced by the iterative Neumann-
Dirichlet algorithm.



5. Error estimation

The approach based on the constitutive relation error (CRE) re-
lies on a partition of the equations of the reference problem to be
solved into two groups [6]. In elasticity, the first group consists of
the kinematic constraints and the equilibrium equations while the
constitutive relation forms the second group. The quality of an
approximate solution satisfying the first group (i.e. an admissible
solution) is quantified by the non-fulfilment of the second group
of equations (i.e. the constitutive relation).

5.1. Contact modelling and problem formulation

In order to clearly express the error in the constitutive relation,
we follow the presentation proposed in [9] and we consider the
interface I'c as a mechanical entity which has its own constitutive
relation. We introduce on the interface I'c the functions w!, w?,
representing two displacement fields (one on each side of the
interface), t', t?, representing two fields of surface density forces
(stresses transmitted to Q! and ©2) and t° an “interior” field of sur-
face density forces.

The kinematic conditions on the interface are expressed by

w!=u! and w?=u? onI[.. (28)
The equilibrium of the interface is expressed by
t“=t" and t°=-t* on I (29)

Let us define the jump of displacement w® which, for the inter-
face, plays a similar role as a strain

2 on Ic. (30)

we=w! —w

Coulomb’s constitutive law in a frictionless case, can be formu-
lated as follows:

wi <0, ty<0, tgwy=0 and t5=0 on Ik, (31)

Following [17,18], the Coulomb’s constitutive law in a friction-
less case defined by Eq. (31) is equivalent to the condition
(W) + " (t)+t°-w =0 on ¢, (32)
where the convex potentials ¢ and ¢ are defined by

0 if oy >0,
o0 = { |
+oco otherwise,

.. [0 if gy <0and g; =0,
(&)= {+oc otherwise,

and
(33)

moreover for any pair (w,t) defined on I'¢, the Legendre-Fenchel
inequality leads to
o(—w) + ¢ (t)+t-w = 0. (34)

The problem of unilateral contact defined by conditions (1)-(6)
is formulated as follows: Find (u* ¢*) defined on Q* (o =1,2) and
(w!', w2 t1,£2,t) defined on I'¢ such that

o (u*w*) satisfy the kinematic conditions
u*=0 onl; and u*—w*=0 on /. (35)
o (0% t% 1) satisfy the equilibrium equations
dive*+b*=0 in Q%
o*n* =p* on I}y,
gn*=t* onlyg,
tf—t'=0 and t“+t*=0 on I

(36)

o (u* 0%) satisfy the elastic constitutive relation
0" =Ku*) in Q" (37)

o (W =w! — w2 ) satisfy the contact constitutive relation
O(—W) + ¢ (t)+t-w =0 on I (38)

The solution of the unilateral contact problem is denoted
s=(u,c) with u=(u",u?>,w',w?) and c = (¢!, 6% t!,£2,1°).

5.2. Definition of the global error estimator

The reference problem is defined by equations (35)-(38). Let us
consider an approximate solution of the problem, denoted by
$=(i1,¢), = (a'",0>, W', W?) and ¢ = (6, 62,1, t2,t%) that satisfies
the first group of equations:

o The fields (', 42, w!, W?) satisfy Eq. (35).
o The fields (61,62, t", 12, ) satisfy Eq. (36).

The solution § = (I, ¢) is then said to be an admissible solution.
If § satisfies the constitutive relations Egs. (37), (38)in €2, thens = s
(i.e. the exact solution is found). However, if (iI, ¢) does not satisfy
the constitutive relation, the quality of this admissible solution is
measured by the CRE estimator ecgg(S)

2 12
ece(8) = | Y 116" — K*e(i)||7 - +2/F ((—W) + ¢"(E) + E°W)dS
a=1 Jic

(39)

with w* = W' —W? and ||0]|, o« = [»(K*) "0 - 6dQ.

ecre(8) is the constitutive relation error estimator for the admis-
sible solution . This CRE estimator is equal to zero if and only if the
solution § is the exact solution s of the unilateral contact problem.
It takes into account the accuracy of both the finite element dis-
cretization and the iterative resolution of the algorithm. In [9]
the authors show that the Prager-Synge’s theorem in elasticity
[19] can be extended to the more general unilateral contact case
and that this error estimator is an upper bound of a solution error,
ie.

2
ecre(8) = \jZ(”ux — W2 o + 1|67 — 0%[|2 o)

oa=1

with [[ul, o = [ K"e(1) - £(u)dQ.
5.3. Computation of the global error estimator

The first step for the computation of the error estimator is to re-
cover admissible fields from the FE solution. We need to build an
admissible solution §, = (i, ¢y) such that

o the fields a1, = (@1}, i, W}, W) satisfy Eq. (35),

o the fields ¢, = (6}, 62, &}, 82, &) satisfy Eq. (36),

e moreover, the admissible fields must satisfy ¢(—wj;) =0 and
$"(t) = 0 on I'c to obtain a finite error estimator.

The admissible displacements fields are easily built, since the fi-
nite element fields satisfy the kinematic constraints
U =uy and Wwj=wj in Q"

However the tractions forces computed by the algorithm do not
satisfy the equilibrium conditions on the interface (36) (i.e.
t} = —t2) nor the condition ¢(£) =0 (i.e. t}y <0 and —tZ, <0
on I'¢). Hence, we propose to built the traction & in two steps:

o In a first step, a traction &, = (t} — t7)/2 is computed on I'c.
o In a second step £ is computed by solving the following mini-
mization problem: Find # = "N, y;4°(i) such that



{.,<0, #,=0 onT¢, and & minimize /F (B — )T
C

The values of ¢} and & are then easily computed by setting
th =1t and £ = —t.

Remark. As specified in Section 3, we assume I'2 # (). However, if
I'l, = ¢ a supplementary condition arises: fg must satisfy the global
equilibrium for each rigid body motion u}, defined on @', In that
case we must add this constraint in the minimization problem
defined in the second step.

To build the admissible stress fields (6},62) we use the tech-
niques developed in [20]. These techniques allow to recover an
equilibrated stress field from a stress field that satisfy the FE equi-
librium. As the FE stress fields o} = K*¢(u") are equilibrated in the
FE element sense with ¢ but not with ¥, we compute two interme-
diate stress fields % = K*¢(ti¥) on each subdomain Q* (a=1,2)
such that & € V; and

K e(u)e(v)dQ =

[old Q*

+/ & vdS VveVi (40)
I'c

b* - vdQ+ | p*-vdS
ry

The recovery of the stress fields 67 on each subdomain Q* start-
ing from the stress fields 6 can then follow the classical procedure
(see, e.g., [6,21,22,20]). Once the fields §, are computed, the error
estimate 7% is readily obtained from (39) by

15 = ecre (3h)- (41)

The contribution of each element E of the mesh is computed as
follows:
X . . . 1/2
iy = |67 - KE(U%)Ila,EJrZ/r E(¢(*WZ) + ¢"(th) + tW;)dS
N

(42)
where ||g|,; = [;K o - odE.

5.4. Error indicators definition

In view of an efficient mesh adaptation technique, it is impor-
tant to separate contributions to the global error ecge(S) due to
the FE discretization from that due to the iterative resolution of
the algorithm. The later can in fact not be controlled by a mesh
adaptation technique. Following the method proposed in [23,24],
we propose here two simple error indicators that allow us to esti-
mate separately the part of the error due to the FE discretization
and that due to the Neumann-Dirichlet iterative algorithm. The
discretization error is defined as the limit of the global error when
the convergence criterion of the iterative algorithm tends to zero.
The Neumann-Dirichlet iterative algorithm error is defined as
the limit of the global error as the mesh size h tends to zero.

5.4.1. Discretized contact constitutive relation

In order to express the Neumann-Dirichlet algorithm error
indicator, we need to reformulate the continuous version of the
contact constitutive relation Eq. (32) on the discretized problem.
Let g% denote the vector of the normal displacement of the nodes
of Q% on I'c and ¢%(i) its values on the ith node. From Eq. (26),
the discretized contact constitutive relation on I'c reads:

fori=1,...,Ng,

(an() — gy ()) <0, (€A); <0, (qy(i) —gy())(CA)(i) = O.

(43)

Then, the discretized Coulomb constitutive law defined by Eq.
(43) is equivalent to

fori=1,...,Ng,
d(—an (i) — qx (i) + & ((CA) (D) + (an(i) — qx (i) (CA)(i) = 0,

where ¢ and ¢" are the convex potentials defined in Eq. (33).

(44)

5.4.2. Neumann-Dirichlet algorithm error indicator

The Neumann-Dirichlet algorithm error (NDA error) is esti-
mated though a quantity called NDA error indicator. To define this
error indicator, we consider a new reference problem P;;, obtained
from the reference problem (1)-(6) by the FE spatial discretization:
Find (ul,, agh) defined in Q', (u2,,¢2,) defined in Q? and

(W, W2y, t, t2,,t5,) defined on I'c such that (for a= 1,2)

o (u?,,wy,) satisfy the kinematic conditions
u?,—w?, =0 onlkg, (45)

s,h

o o
uz, =0 on I},

o (0%, t3y, to ) satisfy the equilibrium equations of the finite ele-
ment model

ts,—ti, =0 and f{, +t2, =0 on Ik, (46)
/ ag;hg(y)dgz:/ b de+/’ - vd5+/ £, vdS Vv eV,
o o 2 re
(47)

o (ug,,0%,) satisfy the elastic constitutive relation
oy =Ke(ug,) in Q% (48)

o (WE, =wl, — w2, t5,) satisfy the discretized contact constitu-
tive relation
fori=1,...,N,
$(=(qn (i) — ax (D)) + ¢"(CA) (D) + (au (D) — gy (D)(CA) (i) = O,

(49)

where wg, = S0 ¢:(qh (i) — g3 () and £, = SN v A

The solution of the problem P;; is denoted ssp, = (Usp, Cs ) With
Usp = (u;.h7u52.h7wsh’wsh) and Ch = (a;,hr sl17tsh7t§h7 sh) The Ol'lly
approximation introduced, between the reference solution ssj
and the approximate solution sp, is the resolution of the Neu-
mann-Dirichlet algorithm. This error can be measured by a CRE
estimator computed on problem P;j. Hence, this CRE estimator is
used as an error indicator to measure the contribution of the Neu-
mann-Dirichlet algorithm to the global error. Let S;, = (iis, Cs,) be
an admissible solution for the problem Psj (i.e. iis; satisfies the
kinematic constraints (45) and ¢, satisfies the FE-equilibrium
(46, 47)). The NDA error indicator is then defined by

ZHO-sh KS sh ||a!2“+22

+ G5 () (CA) (D)), (50)

where §§ (i ) and AC( ) are defined by W¢, = w!, —W?, = SN i5 (D)
and & = Zl 1 /(). This admissible solution can be easily built
from s, by setting

¢ ((CA)()

N0 O o
Uy =uy inQ" and Wi, =w;

and £, = tht?h =t

on Fc,
6, =0y inQ* on Ic,

where the three traction forces (&, t},t?) and the stress fields
(G}, 63) satisfy the FE-equilibrium and have been already computed
to build the global error ecge (k) (Section 5.3).

5.4.3. Discretization error indicator
The discretization error is estimated through a quantity called a
discretization error indicator. To compute the discretization error



indicator, we consider that the reference problem is the problem
defined, for a given £, by Egs. (7)-(17). We will denote this prob-
lem by P . Let us denote by s, the solution of the problem P, and
by s, the associated finite element solution (computed from Egs.
(25), (26)). The only approximation introduced between s, and s,
is the FE discretization. A CRE estimator computed on problem P,
can be used as an indicator to measure the contribution of the dis-
cretization error to the global error. To define a CRE estimator on
Pcp, the problem P, is written as follows: For a given t;%, find
Sp = (up,cp) such that

o up = (u),u2,wh, w2, c, = (0, 0%, t), 2, 1),

o (uy,wy) satlsfy the kinematic conditions

u, =0 onI'y and u,—w, =0 on ¢, (51)

o (05,t;.t;) satisfy the equilibrium equations

divey+b" =0 in Q"
Olan0l a0l o
o,n; =p* only, (52)
oyny =t* onlg,
—t1 =0 and %4 +t;=0 onlk,
o (uy, 0p) satisfy the elastic constitutive relation
o, =Kje(uy) in Q% (53)
o (W5 =w, — w2, t9) satisfy the contact constitutive relation
d(=wy) + ¢7(t,) +t,w, =0 on Ic. (54)

Let §, = (1,, C,) be a pair that satisfies the kinematic constraints
(51) and the equilibrium equations (52) (i.e. §, is an admissible
solution for P.p). If 5, satisfies the constitutive relations (53), (54)
then it is the exact solution of Pp. The discretization error indica-
tor i is defined by

i = ecre(Sp) (55)
with

1/2
©) 4 ' (E5) + W) dS

Zna — Ke(il \|(,Qa+2/

€CRE Sp

The reference problem P, can be split into two problems, i.e. a
classical elastic problem on ©2 and a unilateral contact problem on
a rigid foundation on Q. Therefore, we can use the techniques
developed in [21,20] to build the admissible solution S,.

Remarks

1. The discretization error indicator #{5 is an error estimator for
the reference problem P, (i.e. it is an upper bound of the solu-

P=100
1 E;=2.E6
0, =03 20
30
o, ooz | [
VAP AV AV AV 4 4V 4V 4 4V 4 4
60

Fig. 2. Punch problem.

tion error for the problem P.,), but it is only an error indicator
for what we call the discretization error of the contact problem.

2. nds can be decomposed into two parts. A first part defined on
Q- is the classical CRE estimator in linear elasticity for a solid
subjected to Dirichlet boundary conditions on I'; and Neumann
boundary conditions on I' N I'c. A second part defined on Q' is
the CRE estimator for the contact problem of an elastic body on
a rigid foundation described by wf, on ¢

6. Numerical results

In this section, we study by means of two examples the behav-
iour of the proposed error estimator and the error indicators for a

Fig. 3. Punch problem: coarse mesh.

Fig. 4. Punch problem: refined mesh.

Table 1

Punch-problem: error estimator and error indicators.
NDOF 114 230 446 734 1484 2992 5864
nﬁlﬂb +10? 10.7 7.59 6.50 5.52 4.96 4.61 4.39
nds 102 9.89 6.59 5.34 4.04 3.05 2.32 1.65
e 10? 4.02 4.06 4.06 4.07 4.07 4.08 4.08
eref * 102 10.1 6.99 6.12 5.29 4.80 4.39 4.09




finite element solution obtained with the Neumann-Dirichlet iter-
ative algorithm. In general, multi-body contact problems do not
admit an analytical solution. Therefore, in order to evaluate the
discretization error, we compute a reference solution ues by using
a finer mesh associated with a global resolution of the contact

1.5/
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2 103

Number of DoF
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Fig. 5. Punch problem: y as a function of the number of degree of freedom.

—e— Global error estimator
—=— Reference error

-1 —+— Discretization error indicator | |

error estimators

10 10°
Number of DoF

Fig. 6. Punch problem: computed errors as a function of the number of degree of
freedom.

> 0,00E-+00

< 3.03E--02

2.37E-04

1.66E-03

3.08E--03

4.50E-03

5.93E--03

7.35E-03

8.77E-03

1.02E-02

1.16E--02

1.30E--02

| 1.45E--02

! 1.59E--02

- 1.73E-02
Dy 1.87E-02
y 2.02E-02
2.16E-02
2.30E--02
2.44E-02
2.58E--02
2.73E-02
2.87E-02
3.01E-02

Discretization error indicator

problem. To obtain a reliable reference solution we choose the
mesh size h.; equal to 2‘—3hmin7 hmin being the mesh size used to
compute the most refined FE solution. The reference error will be
denoted e with

2
2
Cref = Z Huﬁ - u?ef”u,{)"'
o=1

6.1. Punch problem

In the first example we consider two elastic bodies Q; and 2, as
depicted in Fig. 2. The upper body €, is submitted to an uniform
load, and the lower body €2, is clamped. Due to the symmetry only
one half of the structure is meshed. Both bodies are meshed with
6-node triangular elements. We start with a coarse mesh (Fig. 3)
and we progressively refine the mesh (Fig. 4). The coefficient 0,
of the Neumann-Dirichlet algorithm, is set to 0.5 and the stopping
criterion &, is chosen very large by setting it to 0.10.

Table 1 presents the evolution of the global error estimator nﬁ"’b and
of the error indicators #% and n\P* as a function of the number of de-
grees of freedom. We have also computed e on these meshes. Fig. 5
shows that the ratio between the global error estimator and the refer-
glob

ence error j = ¢
-

error (and the reference error) tends to an horizontal asymptote as the
mesh is refined whereas the discretization error indicator has a con-
vergence rate of about 0.9 (see Fig. 6).

The spatial distributions of the global error estimator 7" and
of the discretization error indicator #@ are displayed in Fig. 7.
The distribution of the values shows that the computed solution
is not accurate in the structure 2. This error is mainly due to
the large stopping criterion (&; = 0.10) in the iterative Neumann-
Dirichlet algorithm, which leads to an incorrect computation of
the contact forces. A second computation is performed with a
smaller value for the stopping criterion (¢, = 0.01). In Fig. 8, the
values of the nodal contact forces are displayed for ¢;=0.1, for
&;=0.01 and for a reference computation performed on the same
mesh with a classical global resolution of the contact problem.
The nodal contact forces computed with ¢, = 0.1 are clearly too
small when compared with the reference solution whereas the val-
ues computed with ¢, =0.01 seem accurate. The spatial distribu-
tion of the global error estimator (Fig. 9) shows that employing a
more tight tolerance in the Neuman-Dirichlet algorithm (&=
0.01) produces much more accurate solution in 2. Moreover, note
that this spatial distribution is very similar to the distribution of
the discretization error displayed in Fig. 7.

is very sharp and around 1.1. As expected, the global
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Fig. 7. Punch problem: spatial error distribution.
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Fig. 9. Punch problem: spatial error distribution with &; = 0.01.

6.2. Punch problem with partial contact loss

In the second example, we analyze the behaviour of the global
error and of the error indicators as either the mesh or the stopping
criterion is modified. The studied problem is shown in Fig. 10. The
two bodies are initially in contact but the loading leads to a partial
contact loss. The structure is meshed with 6-node triangular ele-
ments. In the Neumann-Dirichlet iterative algorithm, the coeffi-
cient 0 is set to 0.5.

Table 2 shows the influence of the quality of the mesh for a
stopping criterion ¢, set to 0.2. The meshes 1 and 6 are shown in
Figs. 11, 12. As we refine the mesh, we observe that the global error

nE° initially decreases but then tends to stabilize toward what we

p =500

p=200

00 0O 0 0 00,

S

Fig. 10. Punch problem with contact loss.

Table 2
Punch-problem with contact loss: error estimator and error indicators as a function of
the mesh.

NDOF 712 1510 1850 3390 5534 6800
’7%’017 «10? 9.348 7.978 5.981 5.146 4.576 4.406
”Iﬂis +10° 8.442 6.737 4.222 2.880 1.706 1.394
R 102 4.156 4.263 4.263 4.266 4.255 4.243

have called the iteration error. The iteration error indicator #}P*
depends barely on the mesh discretization and approximates very
well the iteration error.



Fig. 11. Punch problem with contact loss: mesh 1 - 712 DoF.

Table 3 shows the influence of the stopping criterion for a fixed
mesh (see Fig. 11), N4, is the number of iterations of the Neu-
mann-Dirichlet domain decomposition algorithm. We observe
that the global error nﬁ"’b tends rapidly to stabilize toward what
we have called the discretization error, and that the discretization
error indicator #{ seems to approximate well the discretization
error.

7. Conclusion and future prospects

This paper introduces global error estimator based on the con-
stitutive relation to control a domain decomposition algorithm
for a two-body frictionless contact problem. This error measure
takes into account all the errors due to discretization, i.e. both
the errors due to the spatial discretization and those due to the do-
main decomposition algorithm.

Two error indicators are developed to estimate the contribu-
tions of each source of error. They are defined in the same way
as the error, except that the reference problem is different. On
the first tests, these indicators seem to behave well.

With these tools, it would be possible to adapt the quality of the
mesh during the iterations of the Neumann-Dirichlet algorithm
and to control the final quality of the computation.

The next step is the generalization of Dirichlet-Neumann
method to contact problems with more than two domains which

Fig. 12. Punch problem with contact loss: mesh 6 - 6800 DoF.

Table 3
Punch-problem with contact loss: error estimator and error indicators as a function of
the stopping criterion.

Stopping 2.100" 110" 1.102% 1.-10® 1.-10* 1.10°%
criteria

Nnda 4 5 9 11 15 28

'lﬁmb %102 9.348 8.804  8.657 8.657 8.657 8.657
s 102 8.442 8.546  8.653 8.656 8.657 8.657
e 102 4.156 2.279 0.3812 0.2237 0.0593 0.0066

requires a specific treatment of floating subdomains by adding a
global coarse problem with one or a few unknowns (rigid motions)
for each subdomain [25]. It should be noted that domain decompo-
sition algorithms for contact problem using ideas related to [25]
was recently developed, for example, by Dostal and Horak using
scalable FETI method [26], Kronhuber and Krauss [27] gave exper-
imental evidence of numerical scalability of algorithm based on
monotone multigrid. Another approach consists to extend the bal-
ancing domain decomposition proposed in [25] by adding a coarse
problem to an earlier method known as the Neumann-Neumann
method [28]. This work is under consideration.
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