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Abstract: An entropy approach has been recently developed, based on the
irreversible thermodynamics and entropy production. It has been observed that,
for low cycle fatigue, metals undergoing cyclic load reach fracture, at a certain
level of entropy production called fracture fatigue entropy (FFE) (Naderi and
Khonsari, 2010), solely dependent on the material. Until now, we only used the
two principles of thermodynamics separately to follow the behaviour of a solid
continuum problem as low cycle fatigue. We propose here to use the two laws
of thermodynamics together via the Gouy-Stodola equation and the concept of
exergy to provide a new description for metals undergoing low cycle fatigue.
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1 Introduction

Predicting the remaining life and the failure of a system is a society issue. Indeed, mechanical
fatigue is responsible for many accidents like the tragic accident of Savigny-sur-Orge
(France) in 2013 with the fatigue fracture of a splint implying the derailment of a train.
Consequently, the field of fatigue mechanics is a domain of major interest for the research
community.

Since the pioneering work of Wholer, many studies have been done to predict the number
of cycles that a material can hold to failure. On cumulative damage (Miner, 1945; Coffin,
1971; Manson, 1964), empirical laws on low cycle fatigue (Morrow, 1965; Halford, 1966),
on energy dissipation and strain energies of deformation (Park and Nelson, 2000) and on
the bond between temperature, thermodynamics and fatigue (Lemaitre and Dufailly, 1987;
Lemaitre and Chaboche, 1990; Fargione et al., 2002; Meneghetti, 2007).

The second law and more precisely, entropy, is through all its forms (Clausius entropy,
Boltzmann entropy, Gibbs-Shannon entropy) well known and used in multiple domains.
Thus, regarding the plastic deformation, and entropy through irreversible thermodynamics
leads to a natural framework for studying fatigue. It has been shown that metals in low cycle
fatigue possess a constant fracture fatigue entropy (FFE), solely dependent on the material
(Khonsari and Amiri, 2012). This FFE represents the maximum accumulative entropy of
the system. It is dependent on thermodynamic fluxes and forces involved in the process and
informs us about the point of failure of a system.

In mechanical fatigue, the concepts of energy and entropy are used through the first and
second principles. Exergy which can be expressed combining these two laws, represents
the available energy, i.e., the mechanised fraction of the energy (Gouy, 1889; Stodola,
1903; Keenan, 1951; Rant, 1956). It defines the quality of an energy taking into account
its environment and is used in the domain of engineering (Grosu, 2014; Grosu et al.,
2004; Feidt, 2008; Pishbin et al., 2015) or natural resources (Valero Delgado, 2008; Hoque
et al., 2015) where the use of this physical quantity is leading the way to a sustainable
development through economy (Tsatsaronis, 2008) and is spreading increasingly to other
domains (Talla Konchou et al., 2015; Sorgiiven and Ozilgen, 2015).

Order, disorder, thermodynamic entropy, multi-scale and fractal fatigue conduct to the
question about if we consider the material dislocations being piloted by a fractal structure
and its energetic events, What is the fractal representation of this energy flow (and its
complementary)? and Where are the fractal support and its location? The field of fractals
in materials is well documented (Carpinteri, 1994; Héahner et al., 1998) and the reflections
about fractal geometry (Mandelbrot, 1975; Le Méhauté et al., 1998), entropy minimisation



and constructal theory (Bejan, 2006; Wechsatol et al., 2004) and geometrical structure of
entropy generation (Queiros—Condé, 2003; Queiros-Condé et al., 2015a, 2015b; Canivet
etal., 2016) lead us to the exergy equation for a better understanding of mechanical fatigue.

In this paper, we present the new concept of exergy for low cycle fatigue pursuing the
work on FFE of Khonsari and Amiri (2012) and papers related to the FFE (Naderi et al.,
2010; Amiri and Khonsari, 2011; Naderi and Khonsari, 2010), in order to highlight new
considerations in mechanical fatigue and plastic deformation using the idea of quality with
exergy.

2 Two thermodynamic principles for fatigue in materials

The analysis is based on the two laws of thermodynamics applied to a sample during a
fatigue test. The first principle of thermodynamics (conservation of energy) can be written
by:

pu:—din—I—a:D, €))]

where p is the density of the material, Q is the surface heat flux exchanged through the
boundaries, D the rate of deformation tensor (strain tensor per unit time), and o the stress
tensor.

The second law adds the notion of inequality between heat and other types of energies
like mechanical work. Moreover, irreversibility is highlighted through entropy, as a measure
of disorder (more precisely level of micro-states):
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where s is the specific entropy variation per unit time and —div (g) the specific entropy

flow due to heat transfer (external entropy)

The specific entropy production rate 7 (internal entropy) characterises irreversible

transformations (real transformations), thus, this term is always superior or equal to zero.
It comes simply:

o divQ Q
And using equation (1) in equation (3):
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Now the Helmholtz free energy 1) is introduced. It is a thermodynamic potential for the
useful work obtainable by a closed system at temperature 7":
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The derivative with respect to time allows to obtain the expression of the entropy as a
function of free energy:

.o =1/ .
And using equation (6) in equation (4) leads to:
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Mechanical term Thermal term
This equation shows two sources of deviation of a reversible phenomenon, a mechanical
part and a thermal part. In the mechanical part, the elastic component does not have an
impact on the entropy production as it is a reversible phenomenon.
Assuming the fact that the system is submitted to small deformations, the linearisation
of the deformation rate tensor into a total strain rate which is decomposed into plastic and
elastic strain rate become possible:
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The free energy rate can be written using the chain rule as a function of multiple variables
(Lemaitre and Chaboche, 1990):
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Vi:  Set of internal variables related to internal phenomena at lower scales.
Finally, replacing equations (8) and (9) in equation (7):
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Thanks to the work of Lemaitre and Chaboche (1990), this equation can be simplified using
particular transformations:

e  An elastic-reversible transformation without changes in internal variables and at
constant and uniform temperature

o= pa— (11)

e  An elastic homogeneous transformation without changes in internal variables and at
a uniform temperature.
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These relations, considered as state laws, attest for reversible transformations and do not
contribute to generating entropy (with respect to the small strain hypothesis in equation (8)).

To simplify equations, the thermodynamic force Ay, related to the thermodynamic flux
Vk is defined:

dip

Akx = pm

13)

Using equations (10)—(13), the equation of entropy production for materials fatigue can be
retrieved:

.06 _Aka _Q.
= +< T>+<T2 VT>>0 (14)

Entropy generation associated with mechanical power dissipated into plastic

g €p

deformation.
AV
T

Entropy generation associated with unrecoverable power stored in the material.
@ VT: E i iated to heat fl

ek : Entropy generation associated to heat flux.
The mechanical and thermodynamical approaches are different. For mechanical scientists,
elastic transformations are reversible. In the point of view of thermodynamics, elastic
transformations are real implying entropy production, and irreversibility (represented by
the internal variables in this equation).

The simplest case to study is low cycle fatigue for metals, which implies the second and
third term in equation (14) to be neglected (Lemaitre and Chaboche, 1990; Naderi et al.,

2010):
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The entropy production reduces in this case to:
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o : €, represents the work of plastic deformation per unit time which can be approximated
by empirical laws like Coffin-Manson, Morrow or Park & Nelson’s law.

The FFE is the accumulative maximum entropy that a material can hold, i.e., when the
material reaches, its FFE, it breaks:

(o€ N W,
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ty: Time to failure.
Ny: Number of cycles to failure.
Wep: Cyclic Work of plastic deformation per unit volume.

Naderi et al. (2010) have demonstrated for Al-6061 T6 and SS 304 that their FFE was a
property of the material, independent of any other parameter.



3 Coupling the first and second principles

The use of the Helmholtz free energy permits to link the two principles (equations (1) and
(5)) (Lemaitre and Chaboche, 1990):

p(¢+Ts'+sT'):a:D—din. (18)

Then using equations (9), (11)—(13) and using the small deformation hypothesis in
equation (8) the expression becomes:

AV 4 pTs =0 : ¢, — divQ. (19)
In addition, entropy can be expressed by:
—di —d*y
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Then using equations (9) and (11)—-(13) s becomes:
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Now replacing $ in equation (19), the following equation is obtained:
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With C, the specific heat: C' = Tﬁ = _TW'

This equation shows the dependence of the temperature variation from classic
macroscopic and internal variables. Furthermore, there are new thermo-coupled terms.
The thermoelasticity phenomenon (reversible) and a thermo-coupled term related to
internal variation (irreversible). This thermo-coupled term related to internal variation is
an irreversible phenomenon that can be added to the thermoelastic phenomenon since an
elastic deformation is not really reversible thermodynamically. This equation could be used
for thermal fatigue dealing with thermal constraints.

Comparing the classical first principle used previously (equation (1)) and the equation
obtained (equation (22)) leads to the equality:

O € = —Aka +T ( e + ——. Vi
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Indicating the direct transformation of elastic deformation into internal and thermo-coupled
variables and leading to the entropy production:
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It is interesting to note that, assuming a steady-state during the fatigue test and using the
two basic principles (equations (1) and (2)) leads to the same result (neglecting the thermo-
coupled terms), without the need of introducing the Helmholtz free energy. The disadvantage
of this method is that the Helmholtz free energy is a linear combination of the two principles
and is temperature dependent, whereas, the concept of exergy uses a constant environment
temperature.



4 Exergy analysis of fatigue

Exergy is defined as the maximum useful work obtainable from a system in contact with
the environment or can be considered as a distance from equilibrium. Exergy analysis of
the fatigue is applicable to every system submitted to mechanical and repetitive constraints.
The fatigue exergy can be expressed as a simple linear combination of the first and second
principle (considering the work of the ambient pressure on the material negligible):

pt = p (i —Tp3). (25)

And replacing in equation (25), the internal energy variation and entropy variation from
equations (1) and (2), the following equation is deduced:

pi = —divQ + o : D + Tydiv <Q> — Ty, (26)
T ~—
Tq
where &4 represents the exergy destruction flow. This quantity symbolises the generation

of irreversibility, a deflection of the transformation from the reversibility. Using the entropy
generation 7 (equation (14)), exergy balance becomes:
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be N ——
Tq Tp anyg

T.:  Specific exergy flow associated to elastic deformation.
T4 Specific exergy flow associated to heat transfer.
Zp:  Specific exergy flow associated to plastic deformation

ang: Specific energy flow associated to internal variables.

The equation obtained shows that the energy of plastic deformation, has a lower quality than
the pure mechanical work. Its exergy corresponds to the second term of the exergy balance,
it is an energy multiplied by the Carnot factor. Then, an interesting term is found associated
with internal variables, which is pure energy. The dependence of the plastic deformation on
temperature is evident through exergy analysis. The exergy related to plastic deformation
can be interpreted as a quality of deformation, indeed, higher temperature implies more
effective deformation and thus less material lifetime. For example, Hong et al. (2003), using
experiments on a stainless steel 316L, for a constant plastic strain energy density varying
the temperatures of the tests, obtains that the fatigue life at higher temperatures is smaller
than the fatigue life at lower temperatures. In other words, for a same quantity of work,
exergy deformation will be higher for a superior temperature and imply a better quality of
deformation. If a machine could receive the energy accumulated during the fatigue of the
material, it would get more energy (exergy) from a material’s fatigue fracture at a higher
temperature than a material’s fracture at lower temperature.

The elastic deformation is viewed as pure mechanical work and so a ‘noble’ energy
that confirms the mechanical definition of an elastic transformation (reversible). In fact,
deformation, in general, is not reversible, consequently, to be in accordance with continuum
mechanics the internal variables take into account these small scales phenomena and allows



to be in agreement with very high cycle fatigue. Indeed, for solicitations under the yield
strength, the deformation is quasi-elastic since plasticity appears at small scales. Internal
damping, phase transition, dislocations ... are phenomena included in the internal variables.
Above the yield strength, hardening appears and can be expressed with hardening variables
Rp and X : €, cumulative plastic deformation and centre of displacement (Lemaitre and
Chaboche, 1990). In terms of exergy balance, the pure irreversibility produced by the quasi-
elastic transformation is related to the internal variables energy, which can be translated as
a pure impossibility to produce work.

The exergy balance has the advantage to be a fraction of the energy, easier to represent
and to use than entropy and entropy production. The Carnot factor represents precisely the
coefficient of quality and imply the use of only a fraction of energy. The differences between
energies are perceptible thanks to this approach ie the different energies are not directly
added like the energy balance does, but their corresponding exergies are. For instance, the
work of elastic deformation is fully recoverable whereas for heat and plastic deformation,
only a part is recoverable. Since heat and plastic deformation have the same behaviour,
we can illustrate plastic exergy as the maximum plastic work obtainable from a Carnot’s
machine operating between the environment and a plastic deformation source at temperature
T (see Figure 1).

Figure 1 Carnot’s machine analogy of heat for the plastic deformation (see online version
for colours)

g€

Temperature
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Another asset of using exergy comes from the fact that exergy destruction appears avoidable.
Indeed, exergy destruction manifests itself through energy, thus, the control of temperature
leads to the control of the degree of irreversibility. However, the limits of this control come
from phase transitions and new material behaviours at higher temperatures integrated into
internal variables. Another interesting expression is obtained using equations (26) and (24).
It expresses the exergy with general deformation and thermo-coupled variables:

. . . T() . T(] dU.' dAk
px__dva<1_T>+0'D(1_T>+To(dT'ee+dTVk>' (28)

Here, we can see that the irreversibility comes from thermo-coupled-internal exergy
destruction (last term in the equation) and that the deformation in a general definition (elastic
and plastic) possesses a quality, plus a thermoelastic component, which seems to be a pure
exergy, or a ‘noble’ energy.



5 Numerical applications for low cycle fatigue

The numerical applications are based on the experiments of Naderi et al. (2010), Amiri and
Khonsari (2011), Naderi and Khonsari (2010) for the Al1-6061 T6 and the SS 304 in low
cycle fatigue regime and with a solicitation ratio R = —1 (no mean stress). Materials and
their properties are presented in Table 1.

Table 1 Fatigue properties of the Al-6061 T6 and the SS 304

o [MPa] e b c E [GPa] v
Al-6061 T6 535 1.34 -0.082 -0.83 70 0.33
SS 304 1000 0.171 -0.114 -0.402 185 0.29

The temperature profiles and the number of cycles to failure are taken from the four tests
done by Naderi and Khonsari (2010). Furthermore, the reference temperature will be taken
equal to Ty = 288 K. It represents the ambient temperature and can be set as the reference
to compare multiple systems with an exergy balance. It permits to obtain the profile of the
Carnot factor during the test. For the elastic and the plastic deformation, the Park & Nelson’s
law permits a good evaluation of the work of each part (Park and Nelson, 2000) in order to
calculate exergy, using the number of cycles to fracture Ny:

o6 =ANY U:ee:BNf (29)
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A:22+b+c !t 67 B = f — — 92p.
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To simplify, we can hypothesise that the temperature is constant over the whole range of
the test to calculate a constant Carnot factor 6 (the two phases corresponding to the rise
of temperature at the beginning and the end of the fatigue life represents very few cycles).
We present in Table 2 experimental results and properties from the tests in Naderi et al.
(2010), Amiri and Khonsari (2011) and Naderi and Khonsari (2010). Furthermore, using
the loading frequency and replacing the Park & Nelson model permits to obtain the plastic
exergy, the exergy destruction (superscripts c for cyclic and superscript T for total) and the
volumetric entropy production flow:

T c 0 « 0 a+1
Trq = Trq = —AN¢ = — AN (30)
/0 /0 A
xT:/ xcz/ <1_0>ANQ—(1—0>AN““ 31)
P 0 P 0 T f T f
To ) ANJ? . . . .
921—? W:fT Tq = fxq Tp = fxp (32)

The results of the different tests of the Carnot factor, volumetric entropy production flow,
plastic exergy and exergy destruction fluxes are presented in Figure 2 for the Al-6061



T6 and Figure 3 for the SS 304. Fracture fatigue entropy, total exergy destruction and
total plastic exergy dissipated over the whole life of the material are presented in Tables 3

and 4.

Table 2 Properties of the tests done by Naderi et al. (2010) for the Al-6061 T6 fatigue and Naderi
and Khonsari (2010) for the SS 304 both at f =10 Hz

Al-6061 T6 SS 304
Displacement Displacement
Test Type amplitude Test Type amplitude
Test 1 Bending 01 = 49.53 mm Test a Torsion 6o = 35.56 mm
Test 2 02 = 48.26 mm Test b 6p = 33.02 mm
Test 3 03 = 38.1 mm Test 3 Bending 03 = 49.53 mm
Test 4 04 = 35.56 mm Test 4 64 = 45.72 mm

Cycles to failure Temperature Cycles to failure ~ Temperature
Ny = 2833 Ty =311K Ny, = 13,000 T, =673K
Nyo = 5000 T, =306 K Nyp = 16,000 T, = 533K
N3 = 8500 T3 = 303K Ny3 = 9450 T3 =415K

N4 = 14,000 Ty =301K Nyy = 14,150 T4 =411K

Figure 2 Results for the AI-6061 T6 (see online version for colours)
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Some particular and interesting characteristics emerge from the results. The first concerns
the FFE, which appears quasi-constant for low cycle fatigue for both materials. Likewise,
total exergy destruction and the total plastic exergy seems constant, with a little perk, more
stability about the constancy of these parameters. We can then observe for both materials
submitted to bending fatigue that a decrease in displacement amplitude (deformation work)
imply a decrease in the Carnot factor, entropy production flow, plastic exergy and exergy
destruction. Since an ideal reversible transformation involve a null entropy production flux,
lowering the displacement amplitude for bending fatigue implies a transformation closer



to the ideal transformation which is traduced by less exergy destruction and less plastic
exergy bringing logically to a higher fatigue life of the material (assuming the constancy of
both total exergies such as the FFE), in other words, permitting to endure more cycles until
the maximum accumulative entropy, the FFE (or the maximum accumulative exergy plastic
or destruction). However, for torsion fatigue, the preceding interpretation is not verified.
Besides the Carnot factor and the plastic exergy decrease, it is observed an increase in
entropy production flux and in exergy destruction when the material is submitted to lower
displacement amplitude (higher fatigue life). This comes from a greater importance of the
Carnot factor in front of the plastic work in the entropy production flow compared to the
bending fatigue (where the Carnot factor slightly changes compared to the plastic work).
Furthermore, at high temperature, the material behaviour becomes more and more viscous
which can lead to small strain hypothesis incompatibility and Park and Nelson incorrect
estimation of the plastic work deformation (recalling that in the torsion cases T'/Tyeiting
equals 0.4 (a) and 0.32 (b)). Nevertheless, a property between the different materials and
type of fatigue is shared, it is the increase of the number of cycles to fracture when the
plastic exergy diminishes, ie, when the quality of the plastic deformation declines implying
the bond between the quality of deformation and fatigue life.

Figure 3 Results for the SS 304 (see online version for colours)
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Table 3 FFE and exergies calculated over the whole test for the A1-6061 T6 (f = 10) Hz

FFE Total exergy destruction Total plastic exergy
8.09 MJ/K.m? 2.33 GJ/m> 0.186 GJ/m®
8.64 MJ/K.m? 2.49 GJ/m® 0.156 GJ/m®
9.14 MJ/K.m> 2.63 GJ/m® 0.139 GJ/m®
9.62 MJ/K.m> 2.77 GJ/m> 0.125 GJ/m®
FFE xqT xpT

8.87 MJ/K.m* 2.56 GJ/m> 0.152 GJ/m*




Table 4 FFE and exergies calculated over the whole test for the SS 304 (f = 10 Hz)

FFE Total exergy destruction Total plastic exergy
38.87 MJ/K.m? 11.19 Gl/m?® 14.96 GJ/m?®
54.27 MJ/K.m> 15.63 GJ/m? 13.30 GJ/m?®
54.02 MJ/K.m?® 15.56 GJ/m® 6.86 GJ/m>
66.31 MJ/K.m> 19.10 GJl/m?® 8.156 GJ/m?
FFE 4T zpT

53.37 MJ/K.m> 15.37 GI/m> 10.82 GJ/m?®

6 Conclusion

Based on thermodynamics analysis of low cycle fatigue (Khonsari and Amiri, 2012), and the
notion of FFE which seems to only depend on the material, it has been demonstrated through
the Gouy-Stodola equation (the exergy balance) that plastic deformation can be considered
as a ‘degraded energy’ like the classical heat energy. This plastic exergy is a measure of the
quality of the plastic deformation and consequently, measures the dependence of the material
life on the temperature and its environment through the Carnot factor (quality factor). The
energy quality (exergy) increases with the Carnot factor, but the interpretation for plastic
deformation is different from heat energy. As the exergy of heat, the exergy of plastic work
deformation corresponds to the maximum efficient use for plastic deformation. But, the
more efficient the energy of deformation, the less the material lifetime. In the specific case
of low cycle fatigue, the plastic work deformation is the principal source of irreversibility.
High and very high cycle fatigue display the two other sources of irreversibility: internal
variables and heat. The very high cycle fatigue uses stress below the yield strength, involving
pure reversible elastic transformations and leading, from a theoretical mechanical point of
view to an infinite life of the material. However, from a thermodynamical approach, very
high cycle fatigue is a succession of elastic transformations, accompanied by an entropy
generation and implies a finite life of the material. Thus, according to thermodynamical
considerations, the fatigue limit (corresponding to a fatigue limit stress where below, the
material, in theory, would have an infinite life) doesn’t seem to exist (for example, Bathias
et al. (2001), Wang et al. (1999a, 1999b) and Zuo et al. (2008)), strengthening the idea
of a thermodynamical framework for fatigue. Exergy, dealing with the study of a system
with its environment could be very useful for fatigue (highly sensitive on environmental
conditions) in the characterisation of a material’s lifetime, furthermore, the quality of
an elastic transformation and the energy-related to internal variables can lead to a new
perspective in high and very cycle fatigue.
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