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A METHODOLOGY FOR DETERMINATION
OF PIEZOELECTRIC ACTUATOR AND SENSOR
LOCATION ON BEAM STRUCTURES
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8 rue du Capitaine Scott, 75015 Paris, France. E-mail: bruant@ccr.jussieu.fr

AND
M. VERGE

Laboratoire d’ Automatique des Arts et Métiers, ENSAM Centre de Paris, 151 Boulevard de I'Hopital,
75015 Paris, France

In the design of actively controlled structures, the determination of the actuators and
sensors location is a very important issue. In this way, the purpose of this paper is to propose
a new approach to find the optimal location of piezoelectric actuators and sensors on beam
structures. More precisely, first the optimization criteria are defined: it is proposed here to
find the optimal actuators location by minimizing the mechanical energy integral of the
system and the optimal sensors location by maximizing the energy of the state output. In the
two cases, a sensitivity method applied to the discrete equations is used. Several results are
presented. This methodology is used to find the optimal location of one actuator and one
sensor on a cantilever beam, and on a three-beam structure. When there are different
optimal locations, several performance measures are considered in order to keep one
location.

1. INTRODUCTION

Recent studies on structural control systems using piezoelectric materials have shown such
materials to be effective in vibration suppression of structures [ 1-4]. Piezoelectric materials
are applied in structural vibration control to take advantage of their fast response, of their
flexibility to be used as sensors and actuators in a large variety of applications, and the fact
that they provide a broadband frequency response. They are lightweight and can be bonded
(or embedded) to a variety of structures.

Some parameters, like location of actuators and sensors, have a major influence on the
performance of the control system [5]. Many studies have been developed on optimal
locations of actuators and sensors. Different cost functions and performance measures have
been used. In the case of optimization of actuator location, Arbel [6], Hac [ 7] and Devasia
[8] proposed to maximize a controllability criterion using a measure of the gramian matrix.
This approach seeks to ensure active damping of all needed modes. A second usual
optimization cost function is a linear quadratic optimal framework. Dhingra [9], Kondoh
[10] and Yang [1] proposed a quadratic cost function taking into account the measurement
error and control energy. They used it simultaneously to find optimal location of actuators



and sensors. However, the most usual performance function for sensor location uses the
energy of the state output so as to maximize the information given by sensors. Baruh [11]
and Hac [7] rather proposed to maximize measures of the gramian observability matrix in
order to have optima without dependence on initial conditions.

In this paper, a methodology is proposed to find the actuators and sensors location to
increase control efficiency. In order to simplify the optimization problem, it was decided to
search independently the optimal location of actuators and that of sensors.

Consequently, it is proposed here to obtain optimal actuators location by minimizing the
mechanical energy integral of the system. The optimal sensors location is found by
maximizing a measure of the observability gramian. This methodology is developed here for
beam structures, but it can be used for more complex structures (which is our future aim). It
uses mechanical and state equations of the structure.

In section 2, we point out the active vibration control equations for beam structures. The
control system is developed from a finite element modelling, and uses a linear quadratic
control method including a state observer. Simulations in the case of a three-beam structure
show the influence of actuators and sensors location on the control efficiency.

In section 3, we present the optimization problems of actuators location and those of
sensors location. They are solved independently by using a sensitivity gradient algorithm.
This method is based on the differentiation of the optimization criteria and equations of
motion with respect to the design variables. The derivatives of each criterion are detailed in
section 4.

Results of simulations are presented in section 5. We use the methodology to find the
optimal location of one actuator and one sensor on a three-beam structure and on
a cantilever beam. For some cases, the algorithm gives several optimal locations.

In order to select one location among the different best obtained placements, we propose
several performance measures. In the case of the cantilever beam, we also examine the
optimal location of a second actuator and a second sensor.

2. INFLUENCE OF THE ACTUATORS AND SENSORS LOCATION

2.1. MODELLING

The active vibration control of flexible elastic beam structures using piezoelectric
actuators and sensors is considered. Figure 1 shows a three-beam example of such
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Figure 1. A three-beam structure: —B—, sensor; —5— actuator.



a structure. Each actuator and sensor (ecach active device) is made up of a pair of
piezoelectric materials attached symmetrically.

It is assumed that a known and representative loading condition has been previously
chosen before starting the optimization process. It is not discussed here as to how to make
this choice and what its influence on the optimal location of active devices is.

The finite element modelling of this kind of structure has been developed in reference
[12]. One has the discrete equations

[Kvvl{qv} + [Kvelalqe}a + [Myvl{dv} = {Fu}, (1)

[Kovls{qv} + [Koals {da}s = {0}, (2

where {qy} (size Nddl), {qs} (size Ny) and {q,}, (size N,) are the generalized displacements
and the generalized potentials of sensors and actuators. [Kyy], [Myy], { Fu}, are the stiffness
matrix, the mass matrix and the applied load vector; [Kysl, and [Kgy]s couple the
mechanical properties to the electric properties and [ K44 ], is the electric stiffness matrix.
The subscripts a and s denote actuator and sensor. Dots indicate the derivative with respect
to time.

In order to use these equations, the solution {qy} is decomposed into the normalized
orthogonal modal basis {y,}. The eigenmodes {i,} corresponding to the eigenvalues w,
(n=1,...,00) are solutions of the eigenproblems [13]

([Kyu] = ox [Myu]) (¥} =0 )

and satisfy the orthogonality property:
{lpn}T[MUU] {l//m} = Oa n ;é m,

W} "IMye] (Y} =1, n=m.

Assuming that the contribution of the highest modes is negligible, one keeps only the first
N eigenmodes,

)

{av) = 2 (W} (0) = [¥1{od, ()

=1

where [ V] (size Nddl x N) is the modal shape matrix.
Substituting equation (5) into equations (1) and (2) leads to the equations

{O{} + [wjl{a} = [T]T{FU} + [T]T[KUd)]a{q(b}aa
{qu’}s = - [Kclﬁ(b:lsil[K@U]s[lp] {O(}

As usual, these N equations can be written in a state-space form. Using the state vector (size
2N)

{X} = {wnan dn}T (6)
yields

d
U _ L1 + DB gk + (0 )

(Xjt=0)={xo}, (¥} = {ga}s = [CT{x}- (8.9)



The input of the system is the voltage applied to the actuators and the output is the voltage
across the sensors. [A]n, 2ny, [Blian. 2, [Clen. 2y and {g}n.1) are the state, control
output and load matrices, given by

(0] [o] o
L] ‘([—w] [0]) [B]‘<[WJT[KU¢L>’

(] = < - [K(,,f,,];;EKW]s{%} [0]>, ) = <[W§g}{F}>_

{xo} is the initial conditions vector.

2.2. CONTROL SYSTEM

In order to actively control vibrations, a linear quadratic control method, including
a state observer, is used. It consists in using a control law

{doa = — [KT{X}, (10)

which minimizes the cost function

o= [ TETIQIS) + lanll TR au)] "

where {X} is the estimate of {x}. {X} is obtained with the state Luenberger observer, and is
a solution of

{X} = [41{X} + [Bl{4o}a + [LI({y} — [CI{X)), (12)

&l

where [ L] is the observer gain matrix [4, 12, 14]. The choice of [Q] and [R] is detailed in
reference [15]. Here, [Q] is chosen so that {x}T[Q]{x} represents the mechanical energy.
[R] is chosen such that the maximum values of {¢,}, are less than the maximum admissible
values of piezoelectric materials for the considered loads. In practice, once a maximum
admissible load is chosen, several simulations are done, using different [R], to select an
admissible one.

2.3. SIMULATIONS

The control algorithm may be summarized by two main steps.

Step 1: the discretization of the structure using a finite composite beam element [12] and
the determination of the state-space model of the system.
Step 2: the construction of the control and observer.

Step 1 has been developed in DYNADID2D [16] while step 2 has been done by using
SCILAB [17] (software developed at INRIA). Each active device is discretized using several
adjacent elements. Several simulations presented in references [12, 15] show the efficiency
of the control system for different structures. Considered here is a three-beam structure
(Figure 1) controlled by one actuator and one sensor. The geometrical and mechanical



TaBLE 1

Characteristics of the three-beam structure

B; (m) (0,0)
Length B{B, (m) 0-5
Length B,B; (m) 0-4
Length B;B, (m) 0-5
Location of actuator 1 (m) (0, 0-02)
Location of actuator 2 (m) (0-04, 0-5)
Location of sensor 1 (m) (0, 0-42)
Location of sensor 2 (m) (0-4, 0-46)
Length of each actuator (m) 0-06
Length of each sensor (m) 0-01
Natural frequencies (Hz) 1-48, 2:89, 7-99, 29-64
Width of elastic beams (m) 0-025
Thickness of elastic beams (m) 0-002
Mass density of elastic beams (kg/m?) 2700
Young’s modulus of elastic beams (Pa) 7-3 x 101°
TABLE 2

Characteristics of piezoelectric PZT

Width (m) 0-01
Thickness (m) 0-001
Mass density (kg/m?) 7440
Young’s modulus (Pa) 4 x 1010
Piezoelectric constant 33 1-72x 1078
Piezoelectric constant ds; (m/V) 230x 10~ 12
Maximal admissible voltage (V) 250
A, =(04,0-1) I:I
A,=(0,0-01)
(o) C1/7,7

Location 1 Location 2
Figure 2. The two different actuator locations.

properties of the system are detailed in Tables 1 and 2. The structure is subjected to a release
test derived from the load F = Fx, applied at B, and defined as

fort <0, F(t)=005N,

fort >0, F(t)=0N. (13)
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Figure 3. Influence of the actuator location. (a) Output sensor; (b) input actuator: , location 1; —,
location 2.

Due to the nature of the excitation, only the four first eigenmodes are taken into account.
The active control of this structure is detailed in reference [12]. Here, the dependence of
control efficiency on actuators and sensors locations is presented.



A, C,=(0,0) A, [:I C, = (0-4,0-05) f

Location 1 Location 2

Figure 4. The two different sensor locations.

First, the sensor location is fixed at C; = (0, 0) and two locations are considered for the
actuator: 4; =(0,0:01) and A4, =(0-4,01) (see Figure 2). Comparing results for both
actuator locations in the case of a closed loop shows that the first location is better than the
second one: the sensor output vanishes in less than 10 s whereas for the second location it
requires more than 40 s. Also, the first location uses less electric energy than the second one
(see Figure 3).

The influence of sensor location on the efficiency of the control can also be shown. Now,
the actuator location is fixed at A; = (0,0-01) and two sensor locations are considered:
C, =(0,0) and C, = (04, 0-05) (see Figure 4). Results for these two sensor locations, are
plotted in Figure 5. At the beginning, the amplitude of the output for case 1 is higher than
that for case 2: for the first location, the sensor gives better information and faster than that
located at C,. Thus, the control system reacts faster too. The maximum value of {g,}, in the
first case is higher than that of case 2: the control is more efficient; the output decreases
quickly. Consequently, the first sensor location is better than the second one.

Simulations presented for the three-beam structure illustrate the influence of actuators
and sensors locations on the efficiency of active control. Some locations of the actuators
may of course induce non-controllability while some locations of sensors may induce
non-observability. But even if controllability and observability are maintained, the
efficiency of the control can be improved by choosing better locations and shapes for
sensors and actuators.

3. THE TWO OPTIMIZATION PROBLEMS

3.1. MODELLING

In order to develop a methodology for determination of actuators and sensors geometry
on structures, first the design variables have to be defined to describe shape, dimensions and
location. In the case of a rectangular actuator (or sensor) located on a plate, possible
variables are detailed in Figure 6. In the case of a beam structure, the optimization variables
can be a location a; and a length a, (see Figure 7). In the subsequent applications, beam
structures, are to be considered, but the following developments can be used for more
complex structures. Here, the shape of each actuator and sensor is assumed to be known
and its length is constant. The only design parameter is thus an abscissa a;.
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Figure 5. Influence of the sensor location. (a) Output sensor; (b) input actuator: , location 1; —, location 2.

To sum up, the locations of some nodes of the finite element discretization are described
by a set of design parameters. As a consequence, it is straightforward to calculate derivatives
of finite element matrices and vectors with respect to design parameters: they are
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Figure 7. Design parameters in the case of beams.

combinations of derivatives with respect to node locations which can be easily and
systematically calculated at the element level.

To simplify the optimization problem, first one can search independently for optimal
locations of actuators and sensors, and then assume that an observer is not needed. The
motivations for splitting the optimization problem into two independent ones are the
following: first, practically, an optimal transmission of power (optimal location of actuator)
is the priority. In another part, optimizing simultaneously the location of several active
devices would necessitate dealing with a constrained optimization problem in order to
avoid superposition of devices.

In practice, when using the finite element method, each active device is modelled by a set
of elements. The shape of each element can be made dependent upon the location of nodes
(isoparametric elements for instance). Thus, the shape of the active device may be described
by the location of the nodes it is connected to. In the case considered here (see Figure 8),
each active device is modelled by a set of two-node beam elements. N; and Ny are,
respectively, its left and right outer nodes.

3.2. THE OPTIMIZATION CRITERIA FOR ACTUATORS LOCATION

In the case of actuators location, as already described in the introduction, the goal is to
increase control efficiency (i.e., suppress vibrations as quickly as possible). A more
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Figure 8. During an iteration, only the left and right outer nodes of the active device move (assuming that the
length is constant).

interesting study would be to minimize the time response for the sensor outputs to vanish.
As this criterion is not easy to use, one can decide to minimize the “mechanical energy
integral” of the system with respect to the actuators design variables, called a;: find a;,
i =1,... which minimize

T(d
Ju(a J‘J {dtIQU} [MUU] {CIUJ + {qu} "[Kvul{ QUJ} (14)

Also, the LQR method can be used to construct the control law; it consists in minimizing
J, given by equation (11) with respect to {¢q},.

Thus, in the case of actuators, two optimization problems have to be solved
simultaneously: the minimization of J, with respect to @; and the minimization of J,
with respect to {q,},. The control law depends especially strongly on the location
of actuators. Consequently, it has been decided here to solve them iteratively. At each
step of optimization of J,, one minimizes J, and keeps constant the corresponding
matrix [K].

3.3. THE OPTIMIZATION CRITERIA FOR SENSORS LOCATION

In the case of sensors, the optimal location of sensors is usually found by maximizing the
energy of the system output J,, as well as the contributions of individual modes to the
output:

107 T
5=5 [ e

0

When the system is released from the initial state {x} (¢ = 0) = {x,} without active damping
({go}a = 0 t = 0), the output energy is [7]

2‘]y = {XO}T [G,(T)] {Xo},



where [G,(T)] is the observability gramian matrix

[G,(T)] = JT‘:[‘”"[CJT[CJ el 4y,

0

In the previous expression of J,, only [G,(T)] depends on the sensors location. Also as
initial conditions cannot be known, it is desirable to find the sensors location in such a way
as to maximize some measure of the matrix [G,(T)] [7, 11].

In the case of neglected damping, and for T sufficiently large, [G,(T')] becomes diagonal
dominant [7, 117: i.e.,

[v1*  [0]

6= (g b

>T= [G]T,

where [y] is the diagonal matrix whose components for i = 1, N are

= ~ _(é["/]z (0] )
= 2 Cand T0I= Ty )
Consequently, 2J, = {xo}T[G,]{xo} T.

Several measures of [G,] can be used: its determinant, its trace or the product of the
determinant with the trace. In order to ensure the observability of each mode, here it has
been decided to use the first one. The optimization problem now is to find the parameters of
the sensors location ¢;, i = 1, ... which minimize

Je) = — log(det([G,]) = — Y. log(22([G,])

=—2 log[ Z ([Kools ' [Kov]s[?] [w]_l)fi], (15)
i=1 j=1

where /; are the eigenvalues of [G,]. The logarithm function in equation (15) is used to
decrease the value of the determinant of [G,].

3.4. THE OPTIMIZATION METHOD

In order to minimize the optimization criteria J, and Jg, one can choose to use a
gradient algorithm [18]. For optimizing a criterion J(p), where p is the design para-
meter, this method consists in finding the solution p* by constructing a sequence p”
such that

oJ .
Pt =p"— 85(1?"), J(p*) <J(p"H) < J ("), lim J(p") = J (p*),

where ¢ is the step size of the algorithm. The use of this method needs the value of the
derivative 0J/dp. Then, the derivatives dJ,/0a; and 0J,/0c; have to be calculated.

As stated before, in this work, we did not want to consider constrained optimization in
order to simplify the implementation of the algorithms. This is the reason why we search
only one location for each optimization problem in the proposed examples.



4. DIFFERENTIATION OF THE TWO CRITERIA

4.1. ESTIMATION OF THE DERIVATIVES OF CRITERIA

In order to calculate derivatives, two methods can be used. The most common is the finite
difference method, using the development

oJ
J(p + 4p) = J(p) +a—pAp + o(p?)

which becomes
aJ _J(p+4p)—J(p)
op Ap '

This common method has several disadvantages: it needs the calculus of J(p) and J(p + 4p)
which implies calculating one modal basis per parameter; it depends on the choice of Ap.
Thus, it is preferable here to differentiate the two criteria: this can be easily and
systematically implemented in a finite element solver.
Let {0V /dp} and [0M/dp] be the derivatives of a vector {V'} and a matrix [M] with

respect to a scalar p:
4 0 oM 0
— | ==—[M].
{ p} " [ﬁp } ap LM

With these notations, the derivative of J, with respect to a; is

oJ, 1 od T ol
T L Haal} [P]" [Myy][P] {3} +{6a,} [P [Kuu][P]{e)

oy T o "
+ {a}7 [aj:| [Myy][P]{d} + {o}" |:£§:| [Kyo1[P]{a}

| S o+ | R e

e

+{a} " [P]" [Muu]['f’]{ }Jr{ RN [Kuu][ﬂ”]{ Hdt (16)

0
T LT M| S0 00+ 04T |

Here, the model superposition (5) has been used. In the same way, the derivative of J; with
respect to ¢; is

aJ. N 1
s _ 2
0Ci kgl j I(EKWI)]S ! [K(I)U] ['I/] [CO]

N,
Z < [Kools 1[K:I>U:| [P][w]™ !

0K 4y
oc;

0
e e L IR - S N Fl [

d [w]

i

+ [Kools '[Kovls[P] >‘k ><([KM];l[K¢U]s['{’]’[w]71)jk- (17)



These two expressions show that dJ,/0a; depends on the derivatives of {a}, [¥], [Myy] and
[Kyy], and 0J,/dc; depends on the derivatives of [V], [w], [Kesls and [Kyp]s. In the
following sections it is shown how each of them can be calculated.

4.2. DERIVATION OF THE VARIABLE {«}

The derivative d{a}/dq; is obtained by differentiating the equations of motion (1) written
in the modal basis, where {¢¢},

[9o}a = — [K]{x} = — [K;]{o} — [K;]{d}.

As noticed previously, [ K] and consequently [ K] and [ K, ] are assumed to be constant for
the calculation of 0J,/da;. Thus, d{«}/da; satisfies the equation

} + [T (Kool (7] + [Kuo] [K1) {gfj}

} + 71" [Kua] [K:) {aa

[#]" [Muo][¥] {aa

(o i)

oy T
— < o [(Myo][¥] + [T]T|:

oM v 1\,.
aa‘i’”}m + [¥1" [Mu] [aaiD{“}

(|5 | ekwenera + porr | T
| Oa; | da;

Cop T
_< ai [Kyu][?P] + [Kus) [K1]>{°‘}

0K yy oy 0Kyg
—[W]( o }m + [Ku] [aa}[oa ])[KJ (18)

i

Note that the first part of the dynamical equation satisfied by d{a}/dq; is the same as that of
the equation satisfied by {a}. It is only the second part which is different.
In the same way, the initial conditions are given by

O owr
{%} €=0= [aaj [Myu]{qu}(t = 0)

0
07| B g =0+ T Te) {22 -0, 9

{@} (t=0)= [W} [Mu] ) ¢ = 0)

0a; o0a;

5a,~

i

0 uu . a4 U
+[W1T[ =« :|{CIU}(IZ 0+ [¥]" [MUU]{ . }(t—O). (20

These equations depend on the derivatives of the matrices [Myy], [Kyy] and [Kye] and
the derivatives of the eigenvectors.



4.3. DERIVATIVE OF EACH MATRIX, EIGENVECTORS AND EIGENVALUES
4.3.1. Derivative of each matrix

The derivative of each matrix ([Myy], [Kyu], ---) can be determined by using the finite
difference method detailed previously. In the finite element method, these global matrices
are obtained by the summation of all corresponding element matrices. Each element matrix
depends upon the location of the element nodes. The derivative of the matrix can then be
numerically calculated with respect to any node co-ordinate and stored once and for all. If
the location of these nodes is a known function of design parameters, it is very easy to get
the derivative of any element matrix with respect to any design parameter by using the chain
rule. Once this is done, the derivative of the global matrix is simply the summation of each
element contribution.

In the case considered here, only the two end elements are taken into account for each
active device (see Figure 8). The length L being constant, the co-ordinates x; and xy of the
two end nodes N, and Ny are connected to the same unique design parameter p concerning
the device: x; =p and xz=p + L, and thus dx;/dp = dxg/dp = 1. For a standard
two-node beam, the derivative of associated matrices with respect to nodes co-ordinates can
be obtained analytically by hand once and for all.

4.3.2. Derivative of eigenvectors and eigenvalues

The derivatives of the eigenvalues and eigenvectors with respect to a scalar p are obtained
by using the usual sensitivity method developed in reference [18]. They are obtained by
differentiating the equations of eigenvalue problems. Their expressions are

W) _ <0[K] 6[M]>{W} e1)

o{¥.}
op

zi Ay (W) + (#)5 forr=1.. (22)

j:

where

e K], 0IM]

(P,)S=[K]! <6—pr [M] o o, o ) {¥,} is a static correction term and

o? K] L oIMT\, .
o v
dyj wjzwrz z{ < op — Wy op 1 r}a r#j,
M
do=—3 (¥ }Ta[ oy, 23)
with
leN, [=N.

The derivative of the eigenvector {i,} is decomposed in two parts: the first one is
a decomposition in the truncated modal basis using the first [ eigenvectors (I > N); the
second one is a static correction term which accelerates the convergence. In the
applications, the integer [ has to be chosen sufficiently large.
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Figure 9. Algorithm for the actuator location.

5. APPLICATIONS

Here, the optimization algorithms are developed to find the optimal location of piezo-
electric actuators and sensors on beam structures. Then, several applications are presented.

5.1. OPTIMIZATION ALGORITHMS

The two optimization algorithms are presented in Figures 9 and 10. They have been
implemented in DYNANDID2D [16]. Each of them consists of three main steps: Step 1: the
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reading of data; Step 2: the determination of the optimal solutions; Step 3: the study of the
results.

More precisely, in the second step, the optimal locations are obtained iteratively. For
iteration n, the structure location is defined by the design variables {a}} and the different
steps are as follows:

e the construction of the geometrical discretization of the structure;
¢ the solution of the eigenvalue problem, and in the case of the optimization actuators
location, the construction of the input voltage;



Figure 11. The two optimal locations of the actuator.

« the calculus of derivatives of matrices, eigenvalues and eigenvectors, and in the case of the
optimization of actuators location, the solution of the equations of motion satisfied by {«}
and 0{a}/da;

 the calculus of the derivative of the criteria;

o the new design variables value: in the case of sensors location: ¢! "' = ¢} — &(0J,/dc;)(c?),
in the case of actuators location: a/ "' = a? — ¢(6J,/0a;)(a?).

For some design variables, the algorithm can find different optimal solutions. In this case,
in order to keep only one of them, it is suggested to use several performance measures, for
example the necessary time for sensor output to vanish. In the following sections, these two
algorithms are used to find the optimal location of one actuator and one sensor on the
three-beam structure and on a cantilever beam. Lengths of actuators and sensors are
assumed to be constant.

5.2. THE THREE-BEAM STRUCTURE

In this section, the aim is to find the optimal location of the actuator and the sensor on
the three-beam structure shown in Figure 2 and studied in section 2.3. The structure is again
subjected to the release test. After several simulations, [ used for the static correction term in
equation (22) is taken to be equal to 8.

5.2.1 Optimal location of the piezoelectric actuator

The objective here is to find the optimal actuator location to stop the vibrations very
quickly. The piezoelectric sensor is fixed at C; = (0, 0).

Using the optimization algorithm for the actuators location, two local minima are found:
A; =(0:00, 0-22) and A4, = (040, 0-48) (see Figure 11). In order to stop the vibrations as
quickly as possible for each case, the matrix [R] in equation (11) is chosen to use a maximal
voltage input [15]. Then, several performance measures can be used to find the best location
between the two minima. Here, one can propose the following.

First, the homogeneity of the components of the vector [ K]. The LQR method consists in
using a control law like {g4}, = — [K]{x}. As the control law must take into account the
actual state of the structure as well as possible, the components of [K] have to be
homogeneous. For the two optima, the ratio | max; K;/min; K;| is calculated. The second
performance measure is the time required for sensor output to vanish.



TABLE 3

Determination of the optimal actuator location

Actuator location Ay A,
max K;
; 8 20
min K;
13
Necessary time (s) 6 20
G, C,
B3
3, ik L
W
c,

Figure 12. The optimal locations of the sensor.

From the results in Table 3 for the two performance measures, the first actuator location
seems to be better than the second one. Consequently, it is considered as the optimal
placement of the actuator in the case of the release test.

5.2.2. Optimal location of the piezoelectric sensor

In the same way, one can use the optimization sensors location algorithm to find the
location of the piezoelectric sensor.

Five local minima are found: C,; = (0-00,0-00), C, =(0-00,0-39), C; = (0-02, 0-50),
C, =(031,0-50) and C5 = (0-40, 0-48) (see Figure 12).

From the choice of the criterion J;, these maxima are independent of the initial
conditions. They ensure a good observability of all the modes, without especially taking
into account the most excited modes.

In order to get an optimal location ensuring an efficient active control, one can propose,
two performance measures.

The first one is the homogeneity of the components of the vector [L]. This vector
balances the output in equation (12). Then its components have to be homogeneous to take
into account the output of all modes. For each minimum, the ratio |max; L;/min; L;| is
calculated.



TABLE 4

Determination of the optimal sensor location

Sensor location C, C, Cs C, Cs
max L;
- 37 45 55 65 56
min L;
Necessary time (s) 6 10 10 10 6
N A, C,

I

N ~
F(t=0)
v
Figure 13. A cantilever beam.
TABLE 5
Characteristics of the simple cantilever beam
Length of the beam (m) 1
Length of the actuator and the sensor (m) 0-06
Width (m) 0-02
Thickness (m) 0-002
Mass density (kg/m?) 2700
Young’s modulus (Pa) 7% 101°
Natural frequencies (Hz) 1-64, 10-29, 28-81, 56-46

The second performance measure is the settling time of output. For each location, the
settling time of the output to come back to the zero state using a piezoelectric actuator
located in (0-001, 0-00), with maximal voltage input is determined.

Results are shown in Table 4. The location which seems to be the best for the two
performance measures in Cs. Therefore, it is considered as the optimal location for the
piezoelectric sensor in the case of release test.

The two optimization algorithms have been used to find the optimal location of one
actuator and one sensor on a three-beam structure. Results show that these optimal
locations are not obviously defined. Also, they depend on the nature of the disturbance
applied to the structure. In the next section, the number of actuators and sensors needed in
the case of a cantilever beam is discussed.

5.3. A CANTILEVER BEAM

In this section, a simple cantilever beam is considered, whose length is 1 m (see Figure 13).
The geometrical and mechanical characteristics of the system are detailed in Table 5. Again
the first four modes are taken into account and [ is to taken to be equal to 8.



TABLE 6

Determination of the optimal sensor location on the beam

Sensor location (m) 0 0-081 0-146 0-258 0-393 0-533 0-684
max L;
- 20 5 100 10 35 20 8
min L;
Necessary time (s) 2:4 2:3 2:35 2:5 2:5 2-8 3-8
TABLE 7

The optimal location of the second actuator

Location of the second actuator (m) 0-17 0-78
max K;
- 21 157
min K;
Necessary time (s) 22 33

5.3.1. Optimal location for one actuator and one sensor

In the same way as in the previous section, the optimal locations of one actuator and one
sensor are determined when the vibrations come from a release test (F(t = 0) = 0-003 N
applied at the endpoint). In the case of the actuator, the optimization algorithm gives only
one minimum: at the field end 4;. In the case of the sensor, seven local minima are obtained
(see Table 6). Using the two previous performance criteria, the optimal location of the
sensor is C; = 0-081 m (see Figure 12).

These locations are optimal in the case of the release test.

5.3.2. Optimal location for a second actuator and a second sensor

Consider now the situation where a first optimization has been done to get good
behaviour in the case of the release test. The configuration is kept and one can consider the
response of the active system to another kind of loading: i.e., a sinusoidal load equal to
F(t) = 0-06 cos (80¢t), whose period is T, is applied at the beam end. As the load is harmonic,
the final time T in equation (14) is chosen equal to N,T,. N, € N is such that for t = T the
system is in steady state. For the optimal configuration (see Figure 13) the system reaches
steady state in 3-9 s. In order to increase the efficiency of the control when a sinusoidal load
is applied to the beam, one can put another actuator and another sensor on the beam. In
this way, one can consider the first actuator and sensor locations, called A; and Cy, as fixed
and use again the two optimization algorithms to locate the second actuator and the second
sensor (locations called 4, and C,). This can be considered as an optimal improvement of
the unchanged first choices.

The algorithm used for the second actuator location gives two minima (see Table 7).
Using the first performance criterion detailed previously and the necessary time for the
system to reach steady state, the optimal location for the second actuator is 4, = 0-17 m.
Then, with the two actuators, the system reaches steady state in less than 2-2 s. In the same



TABLE 8

Determination of the second sensor location

Location of the second sensor (m) 0-060 0-240 0-485 0-720
max L;
. 35 19 185 36
min L;
Necessary time (s) 2:4 2:5 2 2:8

way, using the optimization algorithm for sensors, one obtains four local minima for the
second sensor location (see Table 8). The performance measures give C, = 0-485 m as the
optimal location for the second sensor. In this case, the system reaches steady state in 2 s.

Consequently, adding one actuator and one sensor gives a more efficient active control in
the case of a sinusoidal load. As the first actuator and sensor locations have not changed,
the active control system is also efficient for the release test.

The optimal additional sensors and actuators locations have been obtained for
considering successively, and in a given order, two particular loading conditions, release test
and sinusoidal load. It is clear that this process does not lead to the solution of finding
optimal locations of two actuators (or sensors) for both release test and sinusoidal load: this
would imply considering simultaneously the two loadings and moving simultaneously two
actuators (and two sensors).

6. CONCLUSIONS

In this paper, a new approach is proposed to find the optimal location of piezoelectric
actuators and sensors on structures. In order to simplify the optimization problem, it has
been decided to search independently for the optimal locations of actuators and sensors.
The first ones are obtained by minimizing the mechanical energy integral of the system and
the second one by maximizing a measure of the gramian observability. This method is based
on the differentiation of the optimization criteria and equations of motion with respect to
the design variables.

In order to test the feasibility of the proposed method, the implemented optimization
algorithm was limited to only one design variable and could not take into account
constraints. This is the reason why only optimizations dealing with one parameter at a time
have been shown.

Optimal locations (or optimal new locations) are obtained for a given loading condition.
It is clear that the choice of this loading has, a priori, a significant influence on the results.
This could be studied in future to show the sensitivity of the result to this choice.

This methodology has been developed here for beam structures by using results of
reference [12]. As it is implemented in an FEM code, some results are directly usable for
more complex structures, and the methodology can be extended to these cases.

Also, a new problem arises: how many actuators and sensors are necessary to have
effective active control?
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