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1. Introduction

Considering the increasing applications of composite and
sandwich structures in the industrial field due to their high
specific strength and stiffness, it is important to develop
advanced models to design with a good compromise
between accuracy and computational costs. In this regard,
accurate knowledge of deflection and stresses is required to
take into account effects of the transverse shear deformation
due to the low ratio of transverse shear modulus to axial
modulus. Moreover, the transverse normal effect has to be
included into the formulation for thick structures. In fact,
all these aspects can play an important role on the behavior
of structures in service, in particular on natural frequencies
or on the harmonic behavior.

According to published research, various theories in
mechanics for composite or sandwich structures have been
developed. They can be classified as: (i) the equivalent single
layer approach (ESL) where the number of unknowns is
independent of the number of layers, but the transverse
shear and normal stresses continuity at the interfaces
between layers are often violated. The classical laminate the-
ory (CLT) [1], the first order shear deformation theory
[2–7], and higher order theories [8–11] can be distinguished.
Some of these theories also include the transverse normal
effect with non-constant polynomial expressions of the out-
of-plane displacement [12]. While most of these approaches
are based on a displacement formulation, mixed formula-
tions are also carried out in [13, 14] with the finite element
method; (ii) the layerwise approach (LW) where the number
of degrees of freedom (dofs) depends on the number of
layers. This theory aims at overcoming the restriction of the

ESL concerning the discontinuity of out-of-plane stresses at
the interface layers. In recent contributions, various orders
of expansion for the in-plane displacement are chosen:
trigonometric [15], linear [16], and so forth; (iii) Alternative
zig-zag approach developed in order to improve the accur-
acy of ESL models avoiding the additional computational
cost of LW approach. Based on physical considerations and
after some algebraic transformations, the number of
unknowns becomes independent of the number of layers.
Global higher-order theories and the zig-zag theories are
asses in [17] to predict the global response of soft-core sand-
wich beams. A family of models was employed in [18] and
more recently improved in [19, 20] with different orders of
kinematic assumptions, taking into account the transverse
normal strain. Note also the refined approach based on the
Sinus model [21–23]. An extended review work on these
models can be found in reference [24].

It should be noted the systematic approach based on the
Carrrera’s Unified Formulation to provide a large amount of
two-dimensional (2D) models for composite structures based
on ESL and/or LW descriptions of the unknowns [25–27].
The aforementioned works deal with only some aspects of
the broad research activity about models for layered struc-
tures and corresponding finite element formulations. An
extensive assessment of different approaches has been made
in [24, 28–32]. A survey of developments in the vibration
analysis of laminated composite beams is compiled in [33].

Over the past years, the proper generalized decomposition
(PGD) has shown interesting features in the reduction model
framework [34]. This type of method was introduced by
Ladev�eze [35] and called “radial approximation” in the
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framework of the LArge Time INcrement (LATIN) method.
In this latter, space coordinates and time variables are sepa-
rated. It allows to decrease drastically computational time
such as in [36, 37]. It has been also used in the context of
separation of coordinate variables in multi-dimensional PDEs
[34]. In particular, it has been applied for composite beams
and plates in [38–41] with an in-plane/out-of-plane coordin-
ate separation. Separated representation can be also applied to
deduce parametric solutions where parameters are considered
as problem extra-coordinates, see for example [42]. For a
review about the PGD and its fields of application, readers
can refer to [43, 44].

In this work, a model based on the proper generalized
decomposition method is built for the forced vibration
problem of laminated and sandwich beams under harmonic
excitation. For this purpose, the displacements are written
under the form of separated variable representation, that is a
sum of products of unidimensional functions of x and z
coordinates, and also the pulsation of the harmonic load x.
Note that the space and load frequency variable separation
has been already addressed in [45]. Nevertheless, herein also
the in-plane/out-of-plane coordinate separation is included
in the formulation as it is well-suited to perform efficient
computations for composite structures in terms of model
complexity and computational cost. Moreover, the deduced
explicit solution with respect to the pulsation allows us to
avoid numerous classical computations for each considered
value of the load frequency within the domain of interest.
To achieve that, the approximation of the 2D beam is based
on a quadratic finite element (FE) approximation for the
variation with respect to x and a quadratic LW description
for the variation with respect to z. Using the PGD, each
unknown function of x is classically approximated using one
dof at each node of the mesh while the LW unknown func-
tions of z are global for the whole beam. Finally, the
deduced non-linear problem implies the resolution of three
linear problems alternatively. This process yields to few
unknowns involved in each of these linear problems.

In this paper, the reference problem is firstly recalled in
Section 2. The application of the PGD is given in the
framework of the forced vibration problems with a specific
parametrization in Section 3. This particular assumption
on the displacements yields a nonlinear problem, solved
through a classical iterative process. In Section 4, the FE
discretization is also described. Finally, the algorithm
derived in the paper is verified numerically in Section 5.
For this purpose, a preliminary convergence study is first
carried out. Then, the method is illustrated by numerical
tests which have been performed upon various laminated
and sandwich beams. The influence of slenderness ratios
and boundary conditions are addressed. The accuracy of
computations is evaluated by comparisons with an exact
2D elasticity solution, 2D computations using commercial
finite element software and also results available in the lit-
erature. It is shown that the method allows us to obtain
both the frequency response function, and the shape modes
with the associated eigen frequencies with very good
agreement respect to the reference solutions by using a
dimensionally-reduced model which supposes less compu-
tational cost.

2. Reference problem description

In the present study, a straight beam of length L with a
rectangular uniform cross section of thickness h and depth b
is considered. The beam consists of NC layers assumed to
be orthotropic in the beam axes. The x axis is taken along
the longitudinal beam axis whereas y and z are the two axes
of symmetry of the rectangular cross section (see Figure 1).
The principal notation used in the formulation of the prob-
lem is summarized in Table 1.

Hereafter, the y coordinate is neglected and the beam
is considered in the (x, z) plane, that is, in the domain
X ¼ Xx � Xz ¼ ½0 � x � L� � ½� h

2 � z � h
2�: In classical

beam theory, the displacement field is assumed to be
expressed as

Figure 1. The laminated beam and coordinate system.

Table 1. Table of principal notation.

Xx Problem domain in beam axis direction N Number of total enrichment steps
Xz Problem domain in thickness direction ½qv � Vector of dofs associated with the mesh on Xx

x Load frequency ½qf � Vector of dofs associated with the mesh on Xz

X Dimensionless load frequency ½g� Vector of dofs associated with the mesh on x
NC Number of layers nx Number of elements in the mesh on Xx

L Length of the beam nz Number of elements in the mesh on Xz

h; hf ; hc Thickness of the beam, face, and core nx dofs associated with the mesh on x
S ¼ L

h Length to thickness ratio Ndofx dofs associated with the mesh on Xx

Ndofz dofs associated with the mesh on Xz



u½ � ¼ u1 x; zð Þ
u3 x; zð Þ

� �
¼

XN1

i¼0

zivi1 xð Þ
XN3

i¼0

zivi3 xð Þ

2
66664

3
77775 (1)

where (vi1ðxÞ; vi3ðxÞ) are functions to be sought and N1, N3

are integers. For instance, by using this expression, models
found in the literature can be described as follows

� The classical Timoshenko models with N1¼1 and N3¼0,
� ED2 model in Carrera’s unified formulation [30] with

N1¼2 and N3¼2.

2.1. Governing equations

The problem of a composite beam subjected to an arbitrary
dynamic excitation ½FdðtÞ� is considered. Stresses can be
conveniently written under the following form:

r½ �> ¼ r11 r33 r13½ � or s½ � ¼ r11 r13
r13 r33

� �
(2)

The boundary value problem to be solved consists of
finding the displacement ½uðM; tÞ� and stress ½rðM; tÞ�; M 2
X such that

�S½ �> r½ � þ b½ � ¼ q
@2 u½ �
@t2

; on X (3)

s M; tð Þ½ � n½ � ¼ Fd tð Þ½ �; 8M 2 @FX (4)

u M; tð Þ½ � ¼ ud tð Þ½ �; 8M 2 @uX (5)

where [ud] represents the displacement boundary condition,
[n] is the normal vector at the load application point, ½FdðtÞ�
is the prescribed surface load applied on @FX ¼ @FXx �
@FXz; ½b� is the prescribed body load, q is the density of the
material and ½�S� is the operator

�S½ �> ¼
@

@x
0

@

@z

0
@

@z
@

@x

2
664

3
775 (6)

The problem can be expressed only in terms of the dis-
placements using the constitutive relation ½r� ¼ ½C�½e� and
the kinematics equations ½e� ¼ ½�S�½u�:

2.1.1. Constitutive relation
Each layer of the beam is assumed to be orthotropic. The
stress–strain law of the kth layer is

r kð Þ
11

r kð Þ
33

r kð Þ
13

2
664

3
775 ¼

�C kð Þ
11

�C kð Þ
13 0

�C kð Þ
13

�C kð Þ
33 0

0 0 �C kð Þ
55

2
664

3
775

e kð Þ
11

e kð Þ
33

c kð Þ
13

2
664

3
775 (7)

where �CðkÞ
ij are the elastic moduli of the material taking into

account the zero transverse normal stress hypothesis
(r22¼0) expressed by

�C kð Þ
ij ¼ C kð Þ

ij �C kð Þ
i2 C kð Þ

j2 =C kð Þ
22 ; i; j ¼ 1; 3 (8)

�C kð Þ
55 ¼ C kð Þ

55 (9)

where CðkÞ
ij are the 3D stiffness coefficients.

2.1.2. Classical variational formulation of the boundary
value problem

Regarding the time dependent excitation, it can be expressed
as ½FdðtÞ� ¼ ½fd� � gðtÞ; with jjfdjj ¼ 1: The function g(t) can
be formulated as a superposition of weighted harmonic
functions eixt; being i the imaginary unit and x the load
angular frequency

g tð Þ ¼
ð1
�1

G xð Þ eixtdx (10)

where G(x) is the Fourier transform of g(t) and it represents
the content of each harmonic in the excitation.

In the following, a single harmonic excitation, ½FdðtÞ� ¼
½fd� eixt; is assumed as a basic problem. The response of a
linear solid in absence of body loads and subjected to a har-
monic excitation is presumed to have the same frequency as
the applied load, ½uðM; tÞ� ¼ ½uðMÞ�eixt; with [u(M)] contain-
ing the displacements amplitude. Under these assumptions and
with U the space of admissible displacement, the classical vari-
ational principle of a beam subjected to a harmonic load can
be expressed as:

find u Mð Þ½ � 2 U such that

ð
X
e duð Þ½ �> r uð Þ½ � dV�

ð
@FX

du½ �> fd½ � dS

¼ x2
ð
X
q du½ �> u½ � dV; 8 du½ � 2 dU (11)

where [fd] is the amplitude of the harmonic load. Note that
in Equation (11), damping is not considered.

3. Application of the proper generalized method to
forced vibration beam

The PGD was introduced in [46]. This method is based on an
a priori construction of the solution in separate variables. In
the literature, the PGD has been used in order to separate spa-
tial variables and also to consider problem parameters as extra-
coordinates. In this approach, the PGD is first used to consid-
ering both the spatial variable separation and the introduction
of the load frequency as an extra-coordinate in the solution.
The following sections are dedicated to the application of PGD
to the previous described problem.

3.1. Displacement field hypothesis

The displacement solution is built as

u1 x; z;xð Þ
u3 x; z;xð Þ

� �
¼

XN
i¼1

ui½ � ¼
XN
i¼1

gi xð Þ f i1 zð Þ vi1 xð Þ
f i3 zð Þ vi3 xð Þ

� �
(12)



where giðxÞ; f i1ðzÞ; f i3ðzÞ; vi1ðxÞ; vi3ðxÞ are functions which
must be computed during the resolution process for each
enrichment step i ¼ 1; 2; :::; n; :::;N:

3.1.1. New variational formulation of the boundary
value problem

Considering the expression of the displacement (Equation
(12)), Equation (11) can be solved for a given value of the
load frequency x. Hence, the consideration of the load
frequency within an interval ½xmin;xmax� involves the
resolution of multiple problems for many values of x. To
avoid these numerous resolutions, a new formulation is
proposed:

find u M;xð Þ½ � 2 U such that

ð
x

ð
X
e duð Þ½ �> r uð Þ½ � dV dx�

ð
x

ð
@FX

du½ �> fd½ � dS dx

¼
ð
x

ð
X
x2q du½ �> u½ � dV dx; 8 du½ � 2 dU (13)

3.2. The problem to be solved

Equation (12) can be written in a more compact form as

u½ � ¼
XN
i¼1

gi Fi½ � vi½ � ¼
XN
i¼1

gi Vi½ � f i� �
(14)

where

vi½ � ¼ vi1 xð Þ
vi3 xð Þ

� �
; f i

� � ¼ f i1 zð Þ
f i3 zð Þ

� �
(15)

and

Vi½ � ¼ vi1 xð Þ 0
0 vi3 xð Þ

� �
; Fi½ � ¼ f i1 zð Þ 0

0 f i3 zð Þ
� �

(16)

In view of the above equations, an iterative procedure must
be introduced. Assuming that the first (n – 1) functions
have already been computed, the solution for iteration n is

u½ � ¼ �u½ � þ g V½ � f½ � ¼ �u½ � þ g F½ � v½ � (17)

where ½�u� is the displacement solution at iteration (n – 1)
defined by

�u½ � ¼
Xn�1

i¼1

ui½ � ¼
Xn�1

i¼1

gi Fi½ � vi½ � ¼
Xn�1

i¼1

gi Vi½ � f i
� �

(18)

Note that for sake of clarity the superscript n is ignored
for the current unknowns (g, f, v). These functions are com-
puted such that Equation (17) satisfies the weak form in
Equation (13). By ordering the terms and taking into
account the constitutive law in the mentioned weak formð

x

ð
X
e duð Þ½ �> C½ � e uð Þ½ � dV dx�

ð
x

ð
X
x2 du½ �> u½ � dV dx

¼
ð
x

ð
@FX

du½ �> fd½ � dS dx (19)

where [C] represents the plane stress-reduced stiffness tensor
of each layer k as in Equation (7) and du is the virtual
displacement

du½ � ¼ dg F½ � v½ � þ g V½ � df½ � þ g F½ � dv½ � ¼ dux þ duf þ duv

(20)

Introducing Equation (20) into Equation (19) the
problem is decomposed into three equations, which areð

x

ð
X

e duxð Þ½ �> C½ � e �u þ g F vð Þ½ � � x2q dux½ �> �u½ �ð
�

þg F½ � v½ �ÞÞ dV dx ¼
ð
x

ð
@FX

dux½ �> fd½ � dS dx (21)

ð
x

ð
X

e duf
� �� �> C½ � e �u þ g V fð Þ½ � � x2q duf

� �> �u½ �ð
�

þg V½ � f½ �ÞÞ dV dx ¼
ð
x

ð
@FX

duf
� �> fd½ � dS dx (22)

ð
x

ð
X

e duvð Þ½ �> C½ � e �u þ g F vð Þ½ � � x2q duv½ �> �u½ �ð
�

þg F½ � v½ �ÞÞ dV dx ¼
ð
x

ð
@FX

duv½ �> fd½ � dS dx (23)

As these equations define a coupled nonlinear problem, a
non-linear resolution strategy must be used. The fixed point
method is the simplest one. At the first step, initial functions
g(0) and f(0) are set, and v(0) is computed from Equation (23)
with g¼ g(0) and f¼ f(0). Then, at each iteration, the algorithm
computes a new solution gðmþ1Þ; f ðmþ1Þ; vðmþ1Þ such that

� Step 1: gðmþ1Þ satisfies Equation (21) for f, v set
to f ðmÞ; vðmÞ

� Step 2: f ðmþ1Þ satisfies Equation (22) for g, v set
to gðmþ1Þ; vðmÞ

� Step 3: vðmþ1Þ satisfies Equation (23) for g, f set
to gðmþ1Þ; f ðmþ1Þ

The algorithm proceeds iteratively until reaching a fixed point.

3.2.1. Variational problem defined on load frequency
domain x

In order to simplify the notation, the functions f ðmÞ; vðmÞ; which
are assumed to be known, will be denoted as ~f ;~v (and subse-
quently ~F ; ~V in matrix form) and the function gðmþ1Þ to be
computed will be denoted as g. The functions �g i; f i ;�vi are the
solutions at the previous enrichment steps i ¼ 1; 2; :::; ðn�1Þ:
The strain in Equation (21) is defined in matrix notation as

e g ~F ~v
� �� �

¼ g Rz
~f

� 	h i
~Ev

� �
(24)

with

Rz
~f

� 	h i
¼

0 ~f 1 0 0
0 0 ~f 03 0
~f 01 0 0 ~f 3

2
64

3
75



and ~Ev

� �> ¼ ~v1 ~v01 ~v3 ~v03
� �

(25)

where the prime (0) stands for the classical derivation. Thus, the
variational problem defined on x from Equation (21) is then

g ¼
fx ~f ;~v
� 	

þ x2 Pn�1
i¼1 �g ilix

~f ;~v; �u
� 	

�Pn�1
i¼1 �g irix

~f ;~v; �u
� 	

kx ~f ;~v
� 	

� x2mx
~f ;~v

� 	 ;

8 x 2 xmin;xmax½ � (26)

with

kx ~f ;~v
� 	

¼
ð
X

~Ev

� �>
Rz

~f
� 	h i>

C½ � Rz
~f

� 	h i
~Ev

� �
dV

(27)

rix
~f ;~v; �u

� 	
¼

ð
X

~Ev

� �>
Rz

~f
� 	h i>

C½ � Rz f i
� 	h i

Ei
v

h i
dV

(28)

mx
~f ;~v

� 	
¼

ð
X
~v½ �> ~F½ �>q ~F½ � ~v½ � dV (29)

lix
~f ;~v; �u

� 	
¼

ð
X
~v½ �> ~F½ �>q �Fi½ � �vi½ � dV (30)

fx ~f ;~v
� 	

¼
ð
@FX

~v½ �> ~F½ �> fd½ � dS (31)

By using the variational problem expression in Equation
(21), the value of gðxÞ can be calculated explicitly for any x
considered in the range ½xmin;xmax� through the Equation
(26). Note that, as can be inferred from Equation (26), there
are values of x for which resonance is detected. These
values xn are calculated at convergence as

x2
n ¼

kx
mx

(32)

This value will be used to estimate the natural frequencies
of the beam as it will be shown in Section 5 involving the
numerical test cases.

3.2.2. Variational problem defined on Xz

The functions gðmþ1Þ; vðmÞ; assumed to be known, will be
denoted as ~g ;~v and the function f ðmþ1Þ to be computed will
be denoted as f. The strain in Equation (22) is defined in
matrix notation as

e ~g ~V f
� �� �

¼ ~g Rx ~vð Þ½ � Ef
� �

(33)

with

Rx ~vð Þ½ � ¼
~v01 0 0 0
0 0 0 ~v03
0 ~v1 ~v03 0

2
4

3
5

and Ef
� �> ¼ f1 f 01 f3 f 03

� �
(34)

Introducing the above expression into Equation (22), the
variational problem defined on Xz is

cx

ð
Xz

dEf
� �> kx ~vð Þ½ � Ef

� �
dz�ax

Xz

df½ �> mx ~vð Þ½ � f½ � dz

¼ bx

ð
@FXz

df½ �> fx ~vð Þ� �
dz þ

Xn�1

i¼1

aix

ð
Xz

df½ �> lix ~v; �uð Þ� �
dz

�
Xn�1

i¼1

cix

ð
Xz

dEf
� �> rix ~v; �uð Þ� �

dz

(35)

where the coefficients ax and cx only depend on the load
frequency

cx ¼
ð
x
~g 2dx ; cix ¼

ð
x
~g �g i dx (36)

ax ¼
ð
x
x2~g 2dx ; aix ¼

ð
x
x2~g �g i dx (37)

bx ¼
ð
x
~gdx (38)

and

kx ~vð Þ½ � ¼
ð
Xx

Rx ~vð Þ½ �> C½ � Rx ~vð Þ½ � dx (39)

rix ~v; �uð Þ� � ¼ ð
Xx

Rx ~vð Þ½ �> C½ � Rx �við Þ� �
Ei
f

h i
dx (40)

mx ~vð Þ½ � ¼
ð
Xx

~V½ �> q ~V½ � dx (41)

lix ~v; �uð Þ� � ¼ ð
Xx

~V½ �> q �Vi½ � f i
h i

dx (42)

fx ~vð Þ� � ¼ ð
@FXx

~V½ �> fd½ � dx (43)

In this way, the variational problem defined by Equation
(22) is a linear expression that must be solved in the Xz

domain through Equation (35).

3.2.3. Variational problem defined on Xx

At this step, the functions gðmþ1Þ; f ðmþ1Þ; which are assumed
to be known, will be denoted as ~g ;~f and the function vðmþ1Þ

to be computed will be denoted as v. The expression of the
strain being ½eð~g ~F vÞ� ¼ ~g ½Rzð~f Þ� ½Ev�; the variational
problem defined on Xx becomes

cx

ð
Xx

dEv½ �> kz ~f
� 	h i

Ev½ � dx�ax

ð
Xx

dv½ �> mz
~f

� 	h i
v½ � dx

¼ bx

ð
@FXx

dv½ �> fz ~f
� 	h i

dxþ
Xn�1

i¼1

aix

ð
Xx

dv½ �> liz
~f ; �u

� 	h i
dx

�
Xn�1

i¼1

cix

ð
Xx

dEv½ �> riz
~f ; �u

� 	h i
dx

(44)



with

kz ~f
� 	h i

¼
ð
Xz

Rz
~f

� 	h i>
C½ � Rz

~f
� 	h i

dz (45)

riz
~f ; �u

� 	h i
¼

ð
Xz

Rz
~f

� 	h i>
C½ � Rz f i

� 	h i
Ei
v

h i
dz (46)

mz
~f

� 	h i
¼

ð
Xz

~F½ �> q ~F½ � dz (47)

liz
~f ; �u

� 	h i
¼

ð
Xz

~F½ �> q �Fi½ � �vi½ � dz (48)

fz ~f
� 	h i

¼
ð
@FXz

~F½ �> fd½ � dz (49)

Analogously, the variational problem defined by Equation
(23) is a linear expression that must be solved in the Xx

domain through Equation (44).

4. Galerkin discretization

To build the displacement solution, a discrete representation
of the functions g, f, v must be introduced. A classical finite
element approximation is used in Xx and Xz. The element
vector of dofs associated with the finite element mesh in Xx

and Xz are denoted as ½qve � and ½qfk�; respectively. The part of
the displacement and strain fields that only depends on spa-
tial variables are determined from the values of ½qve � and ½qfk�
by

ve½ � ¼ Nx½ � qve
� �

; Ee
v

� � ¼ Bx½ � qve
� �

;

fk½ � ¼ Nz½ � qfk
h i

; Ek
f

h i
¼ Bz½ � qfk

h i
(50)

where the matrices ½Nx�; ½Bx�; ½Nz�; and [Bz] contain the
shape functions, their derivatives and the Jacobian compo-
nents. The number of dofs of the problems in Xx and Xz

domain are

Ndofx ¼ 2 nx Nn�1ð Þ þ 1 (51)

Ndofz ¼ 2 nz Nn�1ð Þ þ 1 (52)

where nx and nz are the total number of elements in Xx ¼
[nx
e¼1X

e
x and Xz ¼ [nz

k¼1X
k
z domain, respectively, and Nn is

the number of nodes per element (can be different for each
domain). For the load frequency, a uniform discretization of
the interval ½xmin;xmax� is considered. The trapezoidal rule
is used for the approximation of the integrals in ax, cx, and
bx. The size of vector g is denoted as nx and it coincides
with the dofs of the problem in the load frequency domain.

4.1. Approximation on load frequency domain x

Taking into account the discretization expressed by Equation
(50), for each value of xj; j ¼ 1; :::; nx; the variational
Equation (26) can be rewritten as

g xjð Þ ¼
fx þ x2

j Rx;M�Rx;K

kx � x2
j mx

(53)

where

kx ¼
Xnx
e¼1

ð
Xe
x

~Ee
v

h i> Xnz
k¼1

ð
Xk

z

Rz
~fk

� 	h i>
Ck½ � Rz

~fk
� 	h i

dz

" #
~Ee
v

h i
dx

(54)

mx ¼
Xnx
e¼1

ð
Xe

x

~ve½ �>
Xnz
k¼1

ð
Xk

z

~Fk

� �>
q ~Fk

� �
dz

" #
~ve½ � dx (55)

fx ¼ ~vep
� �> ~Fkp

h i>
fd½ �; (56)

Rx;M ¼
Xn�1

i¼1

�g i xjð Þ lix
~f k;~ve; �u

� 	
;

Rx;K ¼
Xn�1

i¼1

�g i xjð Þ rix
~f k;~ve; �u

� 	
(57)

for ep and kp the elements where the load is applied.

4.2. Finite element approximation on Xz

The introduction of Equation (50) into the variational
Equation (35) leads to the following linear system

Kf½ � � Mf½ �ð Þ qf
� �

¼ Ff½ �� Rf½ � (58)

where [qf] is the vector of the nodal displacements associated
with the finite element mesh in Xz, [Kf] and [Mf] are the stiff-
ness and mass matrices obtained by assembling the element
stiffness and mass matrices ½Kk

f � and ½Mk
f � respectively, [Ff] is

the load vector obtained by assembling the element load vectors
½Fkf � and [Rf] is the equilibrium residual obtained by assembling
the element residual vectors ½Rk

f � whose expressions are

Kk
f

h i
¼ cx

ð
Xk

z

Bz½ �>
Xnx
e¼1

kx ~veð Þ½ �
" #

Bz½ � dz (59)

Mk
f

h i
¼ ax

ð
Xk

z

Nz½ �>
Xnx
e¼1

mx ~veð Þ½ �
" #

Nz½ � dz (60)

Fkf
h i

¼ bx

ð
@FX

k
z

Nz½ �>
Xnx
e¼1

fx ~veð Þ� �" #
dz (61)

Rk
f

h i
¼
Xn�1

i¼1

cix

ð
Xk

z

Bz½ �>
Xnx
e¼1

rix ~ve; �uð Þ� �" #
dz

�
Xn�1

i¼1

aix

ð
Xk

z

Nz½ �>
Xnx
e¼1

lix ~ve; �uð Þ� �" #
dz

(62)

4.3. Finite element approximation on Xx

Likewise, the introduction of Equation (50) into the vari-
ational Equation (44) leads to the linear system



Kv½ � � Mv½ �ð Þ qv½ � ¼ Fv½ �� Rv½ � (63)

where [qv] is the vector of the nodal displacements associated
with the finite element mesh in Xx, [Kv] and [Mv] are the
stiffness and mass matrices obtained by assembling the elem-
ent stiffness and mass matrices ½Ke

v� and ½Me
v� respectively,

[Fv] is the load vector obtained by assembling the element
load vectors ½Fev� and [Rv] is the equilibrium residual obtained
by assembling the element residual vectors ½Re

v� whose expres-
sions are

Ke
v

� � ¼ cx

ð
Xe
x

Bx½ �>
Xnz
k¼1

kz ~f k

� 	h i" #
Bx½ � dx (64)

Me
v

� � ¼ ax

ð
Xe
x

Nx½ �>
Xnz
k¼1

mz
~f k

� 	h i" #
Nx½ � dx (65)

Fev
� � ¼ bx

ð
@FX

e
x

Nx½ �>
Xnz
k¼1

fz ~f k

� 	h i" #
dx (66)

Re
v

� � ¼Xn�1

i¼1

cix

ð
Xe

x

Bx½ �>
Xnz
k¼1

riz
~f k; �u

� 	h i" #
dx

�
Xn�1

i¼1

aix

ð
Xe

x

Nx½ �>
Xnz
k¼1

liz
~f k; �u

� 	h i" #
dx

(67)

4.4. Solution over the number of enrichment steps

Finally, the problem for the whole beam using a discrete PGD
framework can be expressed by the three following equations

g xjð Þ ¼
fx þ x2

j Rx;M�Rx;K

kx � x2
j mx

; 8 j 2 1; nxf g (68)

Kf½ � � Mf½ �ð Þ qf
� �

¼ Ff½ �� Rf½ � (69)

Kv½ � � Mv½ �ð Þ qv½ � ¼ Fv½ �� Rv½ � (70)

which are equivalent to Equations (21–23). This problem
needs to be solved for each enrichment step i ¼
1; 2; :::; n; :::;N following a fixed point iteration scheme. At
the first step of the fixed point method, vectors g and qf are
initialized and qv is computed using Equation (70). A key

issue for the identification of different vibration modes is
the initialization of the former vector, g. In this develop-
ment, a different initialization is considered for each enrich-
ment step n in the following manner

g 0ð Þ xjð Þ ¼ 0 j 6¼ i
1 j ¼ i

with i ¼ arg min
j

jxj�Wj
(

(71)

and W is defined as

W ¼ xmin þ n�1ð Þ w; w ¼ xmax�xmin

N � 1

where N is the total number of enrichment steps and [xmin,
xmax] is the considered load frequency range.

Regarding the initialization of qf, a unity vector of size nz
is set for each enrichment step. After the computation of
the vector qv, the following steps of the fixed point algo-
rithm are started by solving Equations (68–70) successively.
The computation is iterated m times until the following con-
vergence criteria are satisfied simultaneously

jx mð Þ
n � x m�1ð Þ

n j<ex (72)

max
k qf
� � mð Þ� qf

� � m�1ð Þk2
k qf
� � m�1ð Þk2

;
k qvð Þ mð Þ� qvð Þ m�1ð Þk2

k qvð Þ m�1ð Þk2

8<
:

9=
;<e

(73)

being k wk2 the Euclidean norm and ex and e two different
user-specified tolerances set to 10–2 and 10–6 in
the following.

In this study, it has been noticed that the convergence at
each enrichment step is not assured. It depends heavily on
the number of vibration modes that the beam has in the
studied load frequency range. Generally, a number of
enrichment steps greater than the vibration modes present
in the interval is needed. This means that some of the steps
does not converge to a vibration mode. However, the infor-
mation provided by this non-converging modes is important
to reproduce the behavior of the beam in terms of the anti-
resonant peaks. For the converging modes, about 15 itera-
tions of the fixed point method have been required, at
worst. For the non-converging modes, the maximum num-
ber of iterations is reached, which is set to 25 in this study.
At each iteration, one equation with nx unknowns and two
linear systems of dimension Ndofx and Ndofz are solved. In
a classical layerwise FE approach, the performance implies
nx resolutions with Ndofx � Ndofz

2 dofs.

5. Numerical results

This section is dedicated to the analysis of some laminated
and sandwich beams in order to evaluate the proposed
approach in sections above. It should be noticed that the
PGD method has been successfully used to solve static
problems [47] of composite beams. This paper focuses on
the harmonic analysis in the frequency domain, and the fre-
quency response functions (FRF) are first obtained by using
the PGD method. Moreover, the proposed formulation also

Table 2. Vibration modes identified for different values of enrichment steps
(1¼ identified mode and 0¼ non-identified mode).

PGD ANSYS
Error (%)Mode

N¼ 5 N¼ 10 N¼ 20 N¼ 30 X X

bend 0 0 1 1 2.682 2.684 0.1
bend 0 0 1 1 9.336 9.346 0.1
t/c 1 1 1 1 15.684 15.685 0.0
bend 0 1 1 1 17.902 17.930 0.2
bend 1 0 1 1 27.249 27.307 0.2
th 0 1 1 1 31.198 31.203 0.0
bend 1 1 1 1 36.888 36.990 0.3
th 0 0 0 1 46.189 46.212 0.0
bend 0 0 1 1 46.609 46.771 0.3
sh 0 1 1 1 48.710 48.758 0.1



allows us to identify the modal parameters, natural frequen-
cies and vibration modes.

Five different numerical test are analyzed below. A great
variety of boundary conditions is considered with wide range
of slenderness ratios for symmetric, anti-symmetric composite
beams and different types of sandwich beams. In the follow-
ing test, as far as the spatial discretization is concerned, a
classical quadratic finite element approximation is considered
for both domains Xx and Xz. A Gaussian numerical integra-
tion with three points is used to evaluate the elementary
matrices and also to solve the integrals in load frequency
domain. The results are compared with classical finite elem-
ent solutions and exact elastic solutions or theories available
in open literature. The commercial software ANSYS is
employed in FE simulations to provide reference solutions. A
bi-dimensional approach using the PLANE182 element with
plane stress conditions is used. This element is defined by
four nodes having two degrees of freedom at each node.

5.1. Convergence study of the PGD algorithm

A convergence study with respect to the number of total
enrichment steps is first carried out. Then, the effect of the
mesh size on both spatial coordinates and the load position
are analyzed. For this purpose, a simple case of an isotropic
beam is considered:

� Geometry: isotropic beam with L¼ 10 m and h¼ 2 m.
� Material properties: E¼70 GPa; m¼0:3 and q¼2;700 kg=m3:
� Boundary conditions: simply supported beam submitted

to a harmonic concentrated load.
� Reference solution: A modal analysis with a 2D FE model

is performed using ANSYS. A refined regular mesh with
square elements of side L/100 is considered.

5.1.1. Number of total enrichment steps
The convergence study with respect to the number of total
enrichment steps N is first developed. The ten first modes
are analyzed. In Table 2, the mode shapes are denoted as
bend, sh, t/c and th for bending, shear, extensional and
thickness modes, respectively. The natural frequencies are
presented under a dimensionless value computed as X ¼
xnLS

ffiffiffiffiffiffiffiffi
q=E

p
: For PGD computations, a mesh of 50 elements

on Xx domain and 10 elements on Xz is considered. The
frequency search range is set to (40–800) Hz and the reso-
lution to 1Hz. The harmonic point load is applied at the
top of the beam at a distance of L/10 from the support, and
it has vertical and horizontal components with the same
amplitude at each direction.

The study confirms that when looking for modes within
a relatively wide frequency range, it is necessary to consider
a number of steps greater than the number of vibration
modes within that interval to effectively cover the entire fre-
quency range. In this case, when twenty steps are consid-
ered, the algorithm manages to find nine of the ten modes
present in that frequency range. When the number of steps
is increased to thirty, the ten modes are identified. The

relative errors made in the value of the natural frequency
are kept below 0.3%.

5.1.2. Spatial domain mesh
The convergence study with regard to the spatial domain
mesh is carried out in this section. In the analysis, the fre-
quency search range is reduced to (40–450) Hz because only
the results for the first four modes are compared. In this
case, it is enough to consider N¼ 10 enrichment steps. The
frequency resolution is 1Hz and a concentrated harmonic
load is applied at the top of the beam at a distance of L/10
from the support, with vertical and horizontal components,
as for the previous section. Table 3 shows the relative and
cumulative errors of the first four natural frequencies for
different meshes. Errors are calculated for the finest mesh
considered as reference. Parameters Sx and Sz represent the
relative mesh size in beam and thickness axis respectively.

It can be inferred from Table 3 that the convergence rate
is rather high and a mesh with nx¼20 (Sx¼L/20) and nz¼5
(Sz¼h/5) elements is sufficient to obtain converged results.

5.1.3. Load position
The influence of the position and direction of the load
applied is evaluated herein. Horizontal and vertical concen-
trated harmonic loads are considered separately, as well as
different load application points. The converged PGD spatial
mesh is used following Table 3. The frequency range and
number of enrichment steps are the same as in Section
5.1.2. In Figure 2, a simplified representation of the first five
mode shapes of the isotropic beam are plotted with dashed
line. Table 4 shows which of these five modes are identified
when changing the direction and position of the load.

The results report that when a vertical load is placed in
the center of the beam (L/2) the modes b and e are not
excited. This is because for these modes the middle section
of the beam, where the load is applied, does not move verti-
cally. Analogously, when a horizontal load is placed in the

Table 3. Relative error and cumulative error (in percentage) for the first four
natural frequencies.

Sx
Sz

h h/5 h/10 h/20 Mode

L/10

0.586 0.010 0.009 0.010 1
1.719 0.054 0.051 0.050 2
0.009 0.001 0.001 0.001 3
2.805 0.166 0.160 0.160 4
5.12 0.23 0.22 0.22 cum.

L/20

0.578 0.002 0.001 0.001 1
1.671 0.006 0.003 0.003 2
0.002 0.000 0.000 0.000 3
2.654 0.017 0.011 0.010 4
4.90 0.02 0.02 0.01 cum.

L/50

0.577 0.001 0.000 0.000 1
1.668 0.003 0.000 0.000 2
0.002 0.000 0.000 0.000 3
2.643 0.007 0.001 0.000 4
4.89 0.01 0.00 0.00 cum.

L/100

0.577 0.001 0.001 ref. 1
1.668 0.003 0.000 ref. 2
0.002 0.000 0.000 ref. 3
2.643 0.007 0.000 ref. 4
4.89 0.01 0.00 – cum.



middle of the beam, mode c cannot be identified because that
section does not move horizontally. In view of these results, to
ensure the identification of all modes, a load with both vertical
and horizontal components should be considered and not
located in a node. Hereafter, a concentrated load with both
components located at a distance of L/10 from the beam sup-
port is considered in the following tests.

5.2. Symmetric and anti-symmetric laminated beam

In this section, two symmetric and anti-symmetric composite
cross-ply beams analyzed in reference [48] are considered. The
aim of this analysis is to asses the performance of the proposed
method to model laminated beams with different length to
thickness ratios. The characteristics of the test are described
as follows:

� Geometry: (0
�
=90

�
=0

�
) with thickness 0.25h/0.25h/0.25h;

(0�/90�), being the two layers the same thickness; four
length to thickness ratios S¼ 2, 5, 10, and 20.

� Material properties: EL ¼ 181 GPa;ET ¼ 10:3 GPa;
GLT ¼ 7:17 GPa;GTT ¼ 2:87 GPa; mLT ¼ 0:25; mTT ¼ 0:33
and q ¼ 1578 kg=m3: Subscripts L and T refer to the
fiber and transverse direction respectively.

� Boundary conditions: simply supported beam with a har-
monic concentrated load placed on the top layer at a dis-
tance of L/10 from the first support.

The results are presented in a dimensionless form. The
dimenssionless natural frequency is computed as X ¼
xnLS

ffiffiffiffiffiffiffiffiffiffiffi
q=ET

p
: The numerical values obtained with the PGD

method are compared with exact two-dimensional elasticity
solution from [48] and results computed with the commer-
cial software ANSYS using a very refined mesh. For further
information about the calculation parameters, please refer to
the Appendix A. Table 5 presents the values of the first
seven natural frequencies for the thin to very thick of both
symmetric and anti-symmetric beams. These results show
the excellent agreement with reference values for all types of
modes. The maximum relative error is below 0.86%. Figures
3 and 4 represent the first six vibration modes for the very
thick beams. The PGD algorithm is able to detect not only
bending modes, but also shear and thickness modes with

complex displacement distribution along either the beam
axis or the thickness.

The main goal of this research is to solve the dynamic
problem of a forced vibration beam subjected to a general
harmonic excitation of frequency x (Equation (13)).
Damping is not considered in the formulation and the dis-
placements are theoretically infinite for loads with a fre-
quency equal to the resonance frequencies of the structure.
The frequency response of a system can be represented in
terms of displacement, velocity or acceleration considering
different graphical representation: real and imaginary parts
again frequency, Bode diagrams or Nyquist plot. Herein, the
bode representation of displacement-force relationship, so-
called receptance, is considered. In Figure 5 the FRF of ver-
tical and horizontal displacements at the load application
point are plotted for the symmetric laminated beam with
S¼ 5. The first seven natural frequencies that appear in
Table 5 can be distinguished in this graphical
representation.

In Figure 6 a detail of the horizontal displacement FRF
(Figure 5a) in the range of X ¼ ½43�45� is presented. It can
be observed that both extensional mode (X ¼ 43:649) and
shear mode (X ¼ 43:793) have been identified despite
having very similar natural frequency values.

Using the linear scale in magnitude-frequency graphs
lead to lose detail of the response. In order to avoid this,
plots are usually presented using logarithmic scales or, at
least, vertical logarithmic scale. Bode plots of the receptance
amplitude in dB is depicted in the following. The value of
the receptance a in dB is defined as:

a dBð Þ ¼ 20 log 10
a
aref

� �
(74)

where aref is a reference value, assumed as unity in this
study. Figure 7 shows the good agreement between the

Figure 2. First five modal shapes of the isotropic beam with S¼ 5.

Table 4. Vibration modes identified for different load positions (1¼ identified
mode and 0¼ non-identified mode).

Vertical load Horizontal load
Mode

L/10 L/4 L/2 L/10 L/4 L/2

a 1 1 1 0 0 0
b 1 1 0 0 0 0
c 0 0 1 1 1 0
d 1 1 1 0 0 0
e 1 0 0 0 0 0



Table 5. Dimensionless natural frequencies of the symmetric and anti-symmetric laminated beams.

Symmetric lay-up Anti-symmetric lay-up

S Mode Exact 2D [48] ANSYS PGD Error (%) Mode ANSYS PGD Error (%)

2

bend – 3.447 3.447 0.0 bend 3.206 3.205 0.0
sh – 7.007 7.007 0.0 bend 7.406 7.404 0.0

bend – 7.689 7.686 0.0 sh 7.762 7.761 0.0
th – 10.788 10.786 0.0 th 8.818 8.817 0.0

bend – 12.015 12.009 0.1 bend 10.987 10.982 0.0
th – 12.808 12.803 0.0 th 12.835 12.833 0.0
th – 14.966 14.963 0.0 th 13.465 13.462 0.0

5

bend 6.806 6.808 6.806 0.0 bend 4.782 4.779 0.0
bend 16.515 16.524 16.514 0.1 bend 14.653 14.638 0.1
bend 26.688 26.718 26.688 0.1 bend 25.496 25.461 0.1
bend 37.255 37.323 37.256 0.2 th 35.396 35.382 0.0
t/c – 43.672 43.649 0.1 bend 36.181 36.119 0.2
sh – 43.807 43.793 0.0 bend 46.367 46.273 0.2

bend 48.035 48.155 48.037 0.2 sh 48.536 48.505 0.0

10

bend 9.343 9.347 9.343 0.0 bend 5.297 5.293 0.1
bend 27.224 27.249 27.223 0.1 bend 19.150 19.117 0.2
bend 46.416 46.485 46.417 0.1 bend 37.855 37.755 0.3
bend 66.058 66.195 66.056 0.2 bend 58.759 58.553 0.4
bend 86.169 86.420 86.168 0.3 bend 80.478 80.134 0.4
t/c – 93.776 93.738 0.0 t/c 88.435 88.395 0.0

bend 106.75 107.166 106.750 0.4 bend 102.350 101.842 0.5

20

bend 10.64 10.649 10.640 0.1 bend 5.465 5.453 0.2
bend 37.374 37.439 37.373 0.2 bend 21.234 21.171 0.3
bend 71.744 71.939 71.743 0.3 bend 45.708 45.517 0.4
bend 108.89 109.293 108.895 0.4 bend 76.903 76.473 0.6
bend 147.04 147.712 147.039 0.5 bend 112.951 112.486 0.4
bend 185.68 186.712 185.681 0.6 bend 152.336 151.031 0.9
t/c – 190.553 190.491 0.0 t/c 187.926 187.863 0.0

Figure 3. Proper generalized decomposition (PGD) solution of mode shapes for the symmetric laminated beam (0�=90�=0�) with S¼ 2.

Figure 4. Proper generalized decomposition (PGD) solution of mode shapes for the anti-symmetric laminated beam (0�=90�) with S¼ 2.



amplitude of horizontal and vertical displacements at middle
point of the beam calculated through a harmonic analysis in
ANSYS and using the proposed PGD formulation. The most
important difference between this representation in semi-loga-
rithmic scale and the previous one is that the anti-resonance
peaks can be detected. This particular feature of the direct
point receptance can be used to evaluate the validity of the
computed FRF using the PGD method.

5.3. Three-layer sandwich beam

In order to evaluate the PGD algorithm for solving
problems in composite beams with layers of very different
characteristics, the present test consists of a three-layer sand-
wich beam composed of two graphite-epoxy faces and a soft
core with the following properties [48]:

� Geometry: Three layers of thickness 0.1h/0.8h/0.1h and
four length to thickness ratios S¼ 2, 5, 10, and 20.

� Material properties:
Face: E1f ¼ 131:1 GPa;E2f ¼ E3f ¼ 6:9 GPa;G12f ¼ 3:588
GPa; G13f ¼ 3:088 GPa;G23f ¼ 2:3322 GPa;m12f ¼ m13f ¼
0:32;m23f ¼ 0:49 and qf ¼ 1000 kg=m3:
Core: E1c ¼ 0:2208 MPa;E2c ¼ 0:2001 MPa;E3c ¼ 2760
MPa; G12c ¼ 16:56 MPa;G13c ¼ 545:1 MPa;G23c ¼ 455:4
MPa;m12c ¼ 0:99;m13c ¼ m23c ¼ 0:00003
and qc ¼ 70 kg=m3:

� Boundary conditions: simply supported beam with a har-
monic concentrated load placed on the top layer at a dis-
tance of L=10 from the beam start.

The dimensionless natural frequency is computed as X ¼
xnLS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqf =E2f Þ

q
; where subscript f refers to the face material

properties. The results are compared with exact 2D elasticity
solution from [48] and results computed with ANSYS. The
parameters used for the finite element model and for the
PGD simulation are provided in the Appendix A. Table 6
presents the values of the first seven natural frequencies for
the thin to very thick three-layer sandwich beam. It can be
noticed that the natural frequencies given by the PGD
method are in excellent agreement with the reference elasti-
city solution in [48] for all types of modes, including thick-
ness modes. Errors with respect to the ANSYS solution remain
below 0.5% for thin to thick beams (S¼ 20, 10, and 5) and
only go up to 1% for the very thick case (S¼ 2). Note that
the refined sinus model [49], denoted with SinRef-7p, which
includes the transverse normal deformation and the zig-zag
effect, fails to predict the thickness mode with accuracy. As
in the present formulation, the use of layerwise approach
is required.

Figure 8 represents the first three thickness modes for the
very thick beam. As it can be observed, even

Figure 5. Frequency response functions (FRF) at load application point for the symmetric laminated beam (0�=90�=0�) with S¼ 5: (a) horizontal displacement,
(b) vertical displacement.

Figure 6. Detail of the horizontal displacement frequency response functions
(FRF) for the symmetric laminated beam (0�=90�=0�) with S¼ 5.



Figure 7. Frequency response functions (FRF) at bottom midpoint for the symmetric laminated beam (0�=90�=0�) with S¼ 5: (a) horizontal displacement and (b)
vertical displacement.

Table 6. Dimensionless natural frequencies of the three layer sandwich beam.

S Mode Exact 2D [48] ANSYS PGD Error (%) SinRef-7p Error (%)

2

bend – 3.519 3.521 0.0 3.53 0.2
sh – 5.340 5.340 0.0 5.34 0.1
bend – 7.531 7.562 0.4 7.60 0.2
th – 11.599 11.627 0.2 11.07 4.0
th – 11.663 11.664 0.0 9.40 19.0
bend – 11.823 11.954 1.1 11.97 0.2
th – 12.036 12.161 1.0 15.00 24.0

5

bend 7.8227 7.817 7.815 0.0 7.83 0.1
bend 17.274 17.253 17.247 0.0 17.31 0.1
bend 26.903 26.854 26.847 0.0 26.97 0.2
sh – 33.377 33.372 0.0 33.37 0.1
bend 36.937 36.838 36.844 0.0 37.06 0.1
bend 47.397 47.223 47.265 0.1 47.58 0.1
bend 58.221 57.944 58.052 0.2 – –

10

bend 12.237 12.235 12.230 0.0 12.26 0.1
bend 31.291 31.281 31.260 0.1 31.33 0.1
bend 50.218 50.205 50.154 0.1 50.31 0.1
bend 68.096 69.088 68.990 0.1 69.26 0.1
bend 88.18 88.190 88.021 0.2 88.51 0.1
bend 107.61 107.660 107.389 0.3 108.25 0.2
t/c – 120.032 120.018 0.0 121.11 0.9

20

bend 15.382 15.389 15.379 0.1 15.41 0.2
bend 48.948 48.989 48.922 0.1 49.04 0.1
bend 86.902 87.010 86.833 0.2 87.07 0.1
bend 125.16 125.374 125.042 0.3 – –
bend 163.12 163.479 162.941 0.3 163.69 0.1
bend 200.87 201.423 200.618 0.4 201.94 0.1
bend – 239.387 238.243 0.5 – –

Figure 8. Proper generalized decomposition (PGD) solution of thickness modes for the three-layer sandwich beam with S¼ 2.



Figure 9. Frequency response functions (FRF) at load application point for the three-layer sandwich beam with S¼ 10: (a) horizontal displacement and (b) vertical
displacement.

Figure 10. Frequency response functions (FRF) at bottom midpoint for the three-layer sandwich beam with S¼ 10: (a) horizontal displacement and (b) vertical
displacement.

Table 7. Dimensionless natural frequencies of the unsymmetric sandwich beam.

ANSYS PGD SinRef-7p GLHT ZZT

S Mode X X Error (%) X Error (%) X Error (%) X Error (%)

4

bend 1 0.614 0.614 0.1 0.645 5.0 0.638 4.0 0.616 0.3
bend 2 1.762 1.763 0.1 1.819 3.2 1.800 2.2 1.772 0.6
bend 3 3.569 3.572 0.1 3.674 2.9 3.631 1.7 3.621 1.5
bend 4 5.795 5.802 0.1 6.223 7.3 6.133 5.8 6.186 6.8

10

bend 1 1.282 1.283 0.1 1.361 6.1 1.347 5.0 1.282 0.0
bend 2 2.868 2.870 0.1 3.026 5.5 2.994 4.4 2.875 0.2
bend 3 4.951 4.954 0.1 5.183 4.6 5.126 3.5 4.971 0.4
bend 4 7.649 7.653 0.0 7.961 4.0 7.861 2.7 7.686 0.4



nonsymmetrical modes (cf. mode 4) can be obtained with
PGD formulation.

Figures 9 and 10 represent the frequency response func-
tion of vertical and horizontal displacements separately, at the
load application point and at the bottom midpoint of the
beam, respectively. In these figures, only the response of the
beam with a slenderness ratio of S¼ 10 is represented. In this
case, the first six natural frequencies correspond to six bend-
ing modes, as it is remarked in Table 6. The differences
between these two below figures are quite remarkable. In
Figure 9, almost all natural frequencies can be identified in
both vertical and horizontal displacement, but it is not the
same in Figure 10. This is due to the fact that the vibration
nodes of various bending modes are located at the central
point of the beam. Regarding symmetrical vibration bending
modes (odd modes), they do not have horizontal displace-
ment but vertical displacement at bottom midpoint of the
beam as it can be observed in Figure 10(b). Conversely, for
the anti-symmetric bending modes (even modes) the opposite
occurs, cf. Figure 10(a). The PGD results are in good con-
cordance with ANSYS solution.

5.4. Unsymmetric sandwich beam

The aim of this section is to compare the results of the PGD
method with other theories available in the literature. For this
purpose, a sandwich beam analyzed in the reference [50] is
chosen as a test. This is an unsymmetric sandwich beam
composed of two laminated faces with a core between them.
Each face is composed of two layers with an orthogonal
orientation stacking sequence: 0

�
=90

�
=core=0

�
=90

�
:

� Geometry: Five layers of thickness 0:5hf =0:5hf = hc=
0:5hf =0:5hf with hc=hf ¼ 10 and two length to thickness
ratios S¼ 4 and 10.

� Material properties:
Face laminated: E1f ¼ 131:1 GPa; E2f ¼ E3f ¼ 10:34 GPa;
G12f ¼ G23f ¼ 6:895 GPa;G13f ¼ 6:205 GPa; m12f ¼ m13f ¼

0:22; m23f ¼ 0:49 and qf ¼ 1627 kg=m3:
Isotropic core: Ec ¼ 6:89 MPa; Gc ¼ 3:45 MPa; mc ¼ 0
and qc ¼ 97 kg=m3:

� Boundary conditions: simply supported beam with a ver-
tical harmonic load placed on the top layer at a distance
of L=10 from the beam start.

Table 7 presents the values of the first four bending fre-
quencies for the thick and semi-thick unsymmetric sandwich
beam. The frequencies are displayed in dimensionless form
as in Section 5.3. The results obtained with the PGD method
are compared with those obtained applying three models
reported from [49, 50] denoted as:

� GLHT: global-local-higher order theory [51].
� ZZT: zig-zag theory satisfying the continuity of trans-

verse shear stress at interfaces [18].
� SinRef-7p: refined sinus model satisfying the continuity

of transverse shear stress at interfaces with seven inde-
pendent generalized displacements [49].
A 2D finite element model of the unsymmetric sandwich

beam has also been developed and used as reference for the
comparison of the results of the different models (see ANSYS

and PGD calculation parameter details in the Appendix A). It
can be noticed that the natural frequencies obtained with the
PGD method are in excellent agreement with the reference
solution for both thick and semi-thick beams. The error rate
is less than 0.12%. This example highlights the limitations of
high-order ESL models for such structures, especially for the
thick case. In contrast, the present layer-wise approach based
on the variable separation is well-adapted.

5.5. Influence of boundary conditions

Lastly, to validate the PGD algorithm for different boundary
conditions, a symmetric laminated composite beam with an
orientation stacking sequence 0

�
=90

�
=0

�
with the following

characteristics is analyzed:

� Geometry: Three layers of equal thickness and a length to
thickness ratio S¼ 5.

� Material properties: EL=ET ¼ 40;GLT ¼ 0:2 � ET ;GTT ¼
0:5 � ET ; mLT ¼ 0:25; mTT ¼ 0:33 and q ¼ 1 kg=m3:

� Boundary conditions: beam with a harmonic concentrated
load placed on the top layer at a distance of L=10 from
the beam start. Six different support cases: free/free (FF),
clamped/clamped (CC), simply support/free (SF),
clamped/simply support (CS), simply support/simply
support (SS), and clamped/free (CF).

The PGD solution is compared with the results of
SinRef-7p model from [49] and with those calculated in [52]
using theories named as:

� PSDBTcs=ds : parabolic shear deformation beam theory
with continuous/discontinuous inter-laminar stresses.

� HSDBTcs=ds : Hyperbolic shear deformation beam theory
with continuous/discontinuous inter-laminar stresses.

Table 8. Fundamental dimensionless natural frequencies for different bound-
ary conditions.

FF CC SF CS SS CF

ANSYS X 19.097 10.757 13.465 9.825 9.200 4.153

PGD
X 19.225 10.816 13.875 10.056 9.199 4.218

Error (%) 0.7 0.6 3.0 2.4 0.0 1.6

SinRef-7p
X 19.123 11.100 13.472 10.000 9.201 4.189

Error (%) 0.1 3.2 0.1 1.8 0.0 0.9

PSDBTcs
X 18.976 11.446 13.206 10.032 8.968 4.158

Error (%) 0.6 6.4 1.9 2.1 2.5 0.1

HSDBTcs
X 18.955 11.427 13.195 10.021 8.964 4.157

Error (%) 0.7 6.2 2.0 2.0 2.6 0.1

PSDBTds
X 19.391 11.637 13.538 10.236 9.207 4.233

Error (%) 1.5 8.2 0.5 4.2 0.1 1.9

HSDBTds
X 19.401 11.625 13.538 10.229 9.207 4.232
Error (%) 1.6 8.1 0.5 4.1 0.1 1.9

Minimum error 0.1 0.6 0.1 1.8 0.0 0.1
Model SinRef-7p PGD SinRef-7p SinRef-7p PGD HSDBTcs



As in the previous section, a finite element model of the
symmetric laminated beam with the different boundary con-
ditions is analyzed. A unity value of parameter ET is set for
the analysis. The rest of the parameters of the finite element
model and those referring to the resolution using the PGD
method can be found in Appendix A.

Table 8 shows the fundamental natural frequencies
expressed in dimensionless form as in Section 5.2 for the
PGD approximation and for the five previous models. As a
general remark, the highest frequencies occur for the free/
free boundary condition and the lowest values is obtained
for the cantilever beam (clamped/free case). For the models
with continuous inter-laminar stresses (including the SinRef-
7p model), the frequencies for the PGD model are always
higher than those of the two other models, except for the
CC condition. Concerning the models with discontinuous
inter-laminar stresses, the PGD results are always lower than
the two other discontinuous models, except for the SF con-
dition. The differences between PGD solution and those
obtained with the other models remain always low. With
respect to the ANSYS solution for a very refined mesh of
3,375 elements, the PGD method solution is the best fit for
SS and CC cases. For the other boundary conditions, PGD
errors do not exceed 3%.

6. Conclusions

This paper investigates a new methodology based on the
PGD method to solve the forced vibration problem in bi-
dimensional laminated beams. A classical harmonic space-
frequency description of the dynamic problem is considered
and a variable separation in the spatial domain is intro-
duced. For both spatial coordinates x (beam axis coordinate)
and z (thickness coordinate), a classical 3-node FE is used in
the discretization while a linear interpolation is introduced
for the load frequency x. The derived iterative algorithm
implies the computation of three 1D functions at each
iteration where the total cost depends on the number of
enrichment steps N used to represent the solution.
Specifically the proposed process requires, for each enrich-
ment step, a small number of iterations m of the fixed point
method which involves the resolution of one equation with
nx unknowns and two linear systems of Ndofx and Ndofz
dofs respectively. In a classical layerwise FE approach, the
calculation implies nx resolutions with Ndofx � Ndofz

2 dofs.
The advantages of the proposed algorithm become relevant
when the number of numerical layers and the number of
elements in axis direction increases.

The new approach has been used to solve numerical tests,
including different composite and sandwich beam configura-
tions with a great variety of slenderness ratios and boundary
conditions. Results show a good agreement with exact elasti-
city solutions, higher-order theories and FE models. This
study has showed the interesting capability of the method to
build all kinds of mode shapes, including complex thickness
modes with non-uniform displacement distribution along x
and z axis. This is possible owing to the present layer-
wise approach.
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Table A1. Parameters of the finite element models using ANSYS.

Numerical test L (m) S Relative element size Number of elements

Isotropic beam 10 5 L/100 2000

Symmetric laminated composite beam

1 2 L/125 8000
1 5 L/125 3375
1 10 L/125 1875
1 20 L/125 1000

Anti-symmetric laminated composite beam

1 2 L/125 8000
1 5 L/125 3250
1 10 L/125 1750
1 20 L/125 1000

Three layer sandwich beam

1 2 L/125 8000
1 5 L/125 3250
1 10 L/125 1750
1 20 L/125 875

Unsymmetric sandwich beam 1 4 L/384 36864
1 10 L/720 51840

Boundary condition analysis 1 5 L/125 3375

Table A2. PGD calculation parameters.

Numerical test L (m) S nx nz (per layer) fmin (Hz) fmax (Hz) Df (Hz) N

Isotropic beam
N analysis 10 5 50 10 40 800 1 –
Spatial mesh analysis 10 5 – – 40 450 1 10
Load position analysis 10 5 50 10 40 450 1 10

Symmetric laminated composite beam

1 2 100 [4,8,4] 600 4200 1 30
1 5 100 [4,8,4] 500 5000 1 30
1 10 100 [4,8,4] 300 4500 1 30
1 20 100 [2,4,2] 100 4000 1 30

Anti-symmetric laminated composite beam

1 2 100 [8,8] 600 3000 1 50
1 5 100 [8,8] 300 4000 1 50
1 10 100 [8,8] 200 4200 1 30
1 20 100 [4,4] 100 4000 1 30

Three layer sandwich beam

1 2 100 [1,2,1] 500 5000 1 30
1 5 100 [1,2,1] 500 5000 1 30
1 10 100 [1,2,1] 450 5500 1 30
1 20 100 [1,2,1] 250 5500 1 40

Unsymmetric sandwich beam
1 4 100 [1,1,5,1,1] 50 600 1 30
1 10 100 [1,1,5,1,1] 40 350 1 30

Boundary condition analysis
FF 1 5 100 [2,2,2] 0.01 1 0.01 10
CC 1 5 100 [2,2,2] 0.01 0.5 0.01 10
SF 1 5 100 [2,2,2] 0.01 0.5 0.01 5
CS 1 5 100 [2,2,2] 0.01 0.5 0.01 5
SS 1 5 100 [2,2,2] 0.01 0.5 0.01 10
CF 1 5 100 [2,2,2] 0.01 0.3 0.01 10

Note: the load frequency range considered in the PGD performance is ½xmin;xmax�; with xmin ¼ 2pfmin and xmax ¼ 2pfmax:

Appendix: A Calculation parameters for the numerical tests


	Abstract
	Introduction
	Reference problem description
	Governing equations
	Constitutive relation
	Classical variational formulation of the boundary value problem


	Application of the proper generalized method to forced vibration beam
	Displacement field hypothesis
	New variational formulation of the boundary value problem

	The problem to be solved
	Variational problem defined on load frequency domain 
	Variational problem defined on z
	Variational problem defined on x


	Galerkin discretization
	Approximation on load frequency domain 
	Finite element approximation on z
	Finite element approximation on x
	Solution over the number of enrichment steps

	Numerical results
	Convergence study of the PGD algorithm
	Number of total enrichment steps
	Spatial domain mesh
	Load position

	Symmetric and anti-symmetric laminated beam
	Three-layer sandwich beam
	Unsymmetric sandwich beam
	Influence of boundary conditions

	Conclusions
	References




